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Major symbols 

symbol or term meaning and remarks 

X, x, mx random variable (measurement), its realization and mean value  

X, x, mx random vector, its realization and mean value 

f(x; mx, sx) or f(x), distribution of probability density of variable X 

fN(x) 
normal distribution 

(E – exponential, R - uniform, T – triangular) 

fD(x) distribution of exact variable (Dirac pseudo-function) 

s standard deviation 

d
(p)

(x, y) Minkowski metric, rank p 

D(X, Y) probability metric for random variables 

DNN(X, Y) probability metric for two random variables with normal 

distribution  

D(X, Y) probability metric for random vectors 

D
(p)

(X, Y) simplified form of probability metric for random vectors, rank p 

DNN
 (p)

(X, Y) simplified form of probability metric for random vectors with 

multivariate normal distribution, rank p 

„approximation set” set of approximation points and their corresponding values, 

constituting a base for the approximation process 

„approximation function” function, that depends on the adopted method, used to determine 

the value at any given point of the test area 
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Chapter 1.  

Subject and structure of the dissertation  

The subject of this dissertation is a new operator used to determine the mutual 

distance between random variables and vectors - probability metric (PM). Moreover, the 

subject of the dissertation includes approximation applications of probability metric in 

numerical examples and in selected issues of experimental mechanics. 

Metrics and other functions for determining distances [Wilson 1997] are widely 

used in a number of issues of physics and technology. If both random variables/ vectors 

constituting PM arguments are described with delta Dirac distribution of probability 

density, the new probability metric presented in the dissertation constitutes 

generalization of each metric operator (base metric) that reduction is performed to.  

PM operator generally yields non-zero value for identical arguments, thereby non 

satisfying the first metric axiom, which makes it particularly useful in approximation 

applications. 

The structure of the dissertation is as follows: 

In chapter 2, at the outset and in order to unify adopted terminology and 

symbols, I discussed basic characteristics of random variables and selected probability 

distributions that are to be used later in the dissertation.  

In chapter 3 I discussed metric axioms, indicating some literature concerns over 

their application in practical issues. Moreover, I presented selected metric forms, putting 
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particular emphasis on Minkowski metric. I also indicated current applications of metric 

operators, including especially their applications in approximation methods for scattered 

data sets. 

Chapter 4 forms the core of the dissertation. I defined there PM operator for 

random variables and vectors, indicating its interpretation and common characteristics, 

in particular non-zero distance effect. I also proved that PM does not satisfy the first 

axiom metric, even though it satisfies the remaining ones. 

In chapter 5 I indicated possibility of application of PM in quantum mechanics 

issues, as well as some physical findings derived from such application.  

Chapter 6 forms review of selected approximation methods for scattered data 

sets and of weighting factors (base functions) applied in these methods, in which there is 

a metric operator.  

Modified approximation methods, in which metric operator was replaced with 

probability metric, have been applied in numerical experiments presented in chapter 7. 

PM application significantly enhanced accuracy of reproduction of some given 

interpolated function.  

In chapter 8 I presented an example of application of modified approximation 

methods to analyses of results of a strain gauge experiment. The aim of the 

approximation was to restore residual stress field in a railway rail. 

I presented similar approximation example in chapter 9. In this case, the 

approximation refers to isochromatic field of an elastooptic photogram. 

In chapter 10 I proposed new approximation algorithm for holographic 

interference fringes. Unlike global approximation, this algorithm is featured with 

iterative pattern and approximation refers to individual interference lines. 

Chapter 11 forms summary of the dissertation, where I also indicated potential 

PM applications not presented in the dissertation.  

The last chapter comprise a set of elements that for clarity have not been 

included in other chapters. Those embrace, among others, derivation of some particular 

PM forms discussed in chapter 4, PM implementation in Matlab language scripts and in 
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C language, simplified form of PM as well as Matlab script for approximation of 

interference fringes presented in chapter 10. 
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Chapter 2.  

Measurement as a random variable, 

selected probability distributions  

The outcome of each physical measurement is almost always burdened with 

random error, resulting for instance from variability of measurement conditions, 

imperfections of instruments, interaction of an instrument with the test object or from 

effects of quantum uncertainty principle. Each measurement may therefore be treated as 

a variable or more generally as a random vector, which is the quantity that, as a result of 

an experiment (measurement), yields, with a certain probability, the specified value that 

cannot be predicted before performing the experiment [Hellwig 1998]. 

Random variables are usually denoted by uppercase letters X, Y, Z, whereas their 

realizations (simple events) respectively by lowercase letters x, y, z. Random vectors are 

adequately denoted by letters X, Y, Z, and their realization vectors by letters x, y, z.  

In sample space  , continuous random variables are described with the 

distribution of probability density function, characterized by the following: 

 0)(  xfx  and 1)( 


dxxf , (2.1) 

whereas discrete random variables are described with the probability density function, 

characterized by: 
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 0)(  ddd pxXPx  and 1
d

dp . (2.2) 

The probability of obtaining the realization of a random variable in the interval 

[xa, xb] is given by: 

   
b

a

x

x

ba dxxfxXxP )( , (2.3) 

in the case of continuous variable and by 

   



bda xxx

dba pxXxP , (2.4) 

in the case of discrete variable. 

Important parameter of a random variable X is the moment of the first order with 

respect to axis x = 0, also known as a mean value of this variable: 

 


 dxxxfmx )(  (2.5) 

and the variance s
2
 of the variable X: 

  


 dxxfmxs x )(
22 . (2.6) 

The square root of the variance is called standard deviation of a distribution. 

In fact, only those two parameters, namely mean value mx and standard deviation 

s
1
 (random variable parameters) are used later in the dissertation to describe random 

variable. 

Although these axioms and definitions concern random variables, they can be 

easily generalized to the case of random vectors [Konecki 1999]. 

                                                 
1
 I used here indication s in order to avoid the conflict with symbol , that in mechanics 

stands for strain. 
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2.1 Selected distributions of density of continuous random variables  

If space  of possible realizations x of random variable X (sample space) is 

uncountable, than this variable is the continuous variable. 

Selected distributions of probability density of one-dimensional, continuous 

random variable X are presented below. These distributions shall be applied in particular 

forms of PM presented in chapters 4.1.2 to 4.1.5. 

Normal distribution: 

 
 













 


2

2

2
exp

2

1
),,(

s

mx

s
smxf x

xN


  (2.7) 

is basic distribution in theory of errors. It satisfies central limit theorem, Lindberg-Lévy 

[Hellwig 1998] and it usually occurs when random variable results from the impact of 

many independent factors. This affects its usefulness to describe the measurement errors 

resulting from many unknown external influences. 

In exponential distribution: 

 

























0,0

0,exp
1

),,(

x

x
m

x

msmxf
xxxE

 (2.8) 

there occurs only one parameter mx, standing for both mean value as well as standard 

deviation. This distribution is applied, for instance, in issues of reliability theory and in 

geology.  

If probability that random variable yields the value in the interval 

 smsm xx 3,3   is proportional to the length of the interval s32  and it does not 

depend on mx, than such variable shall be described with uniform (rectangular) 

distribution in the form: 

 


















smx

smxsm
s

smx

smxf

x

xx

x

xR

30

33
32

1

30

),,(  , (2.9) 

which is more often depicted as: 
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











bxax

bxa
abbaxfR
0

1

),,(  , (2.10) 

where: 

 
2

ba
mx


  and 

 
12

2

2 ab
s


 . (2.11) 

However, in the following part, the form (2.9) is used, because it allows clear separation 

of parameters mx and s. As far as engineering issues are concerned, the uniform 

distribution is well suited to variables that within a certain range of tolerance may be 

realized with identical probability. It also forms the basis for numerical random- number 

generators with any probability distribution, by inverting the cumulative distribution 

[Węglarczyk 1999]. 

Triangular distribution: 

 





























smx

smxm
ss

mx

mxsm
ss

mx

smx

smxf

x

xx
x

xx
x

x

xT

60

6
6

1

6

.

6
6

1

6

.

60

),,(

2

2

 (2.12) 

is characterized by factors similar to normal distribution, wherein it is computationally 

much simpler. 

2.2 Discontinuous distribution of exact variable (D) 

If reiteration of a given measurement always leads to the same result, than such 

measurement may be described with Dirac pseudo-function: 

  xD mxxf )( . (2.13) 

From a practical point of view, Dirac pseudo-function may be regarded as a kind 

of a limit of a sequence of properly matched normal functions [Pieniążek et al. 2000].  

Obviously, delta Dirac distribution is a limit of any distribution of probability density 

which variation tends to zero: 
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 )(lim)(
0

xfxf
s

D


 . (2.14) 

Equivalent of this distribution for discrete random variables is deterministic 

distribution: 

 









xd

xd

dD
mx

mx
xXP

0

1
)( . (2.15) 

 

Fig. 1. Selected distributions of probability density: 

fN – normal, fE – exponential, fR – uniform, fT – triangular  

fD – distribution for exact measurement  

Distributions (2.13) and (2.15) are the degenerate distributions that rarely occur 

in practice. However, they allow to classify deterministic values as random variables. In 

the following part of this dissertation, random variables described with Dirac delta 

distribution shall be simply indicated as variables or „exact” measurements.  

Distributions fN(x), fE(x), fR(x), fT(x) and fD(x) are presented on fig. 1 for mx = 0.5 

and s = 0.15. 
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2.3 Probability distributions of discrete random variables  

If the number of possible realizations of a random variable is countable, the 

variable is the discrete random variable. An example of such variable may be the 

number of occurrences of a given realization of measurement n in experiments or the 

number of particles radiated from a given radioactive substance per unit time. 

An example may be binomial distribution: 

   knk

B pp
k

n
pnkP











 1),,( . (2.16) 

In the case when number of experiments is large (n > 50), and probability of 

success is small (p < 0.1) good approximation to the binominal distribution is Poisson 

distribution: 

 
 

 np
k

np
pnkPpnkP

k

PB  exp
!

),,(),,(  (2.17) 

Poisson distribution is applied in the exemplary form of probability metric for 

discrete variables, presented in chapter 4.1.6. 

2.4 Summary 

Since most physical distributions, such as position measurements of an object, 

deformation measurements at any given point, current strength or liquid flow rate, may 

be classified as continuous variables, in the paper I focused on continuous random 

variables and vectors. 

In the following part of the dissertation indication f(x) stands for the distribution 

of probability density of variable with a known mean value mx and standard deviation s, 

wherein any subscripts N, E, R, T and D stand for the type of the distribution
2
. 

                                                 
2
 For instance indication fN(x) stands for random variable with normal distribution.  
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Chapter 3.  

Metric 

The necessity to define distance between elements of any space creates the need 

to define in this space some real-valued function, which arguments are elements of this 

space and which result is the distance between those elements, sometimes identified 

with a measurement of their similarity [Basri 1996].  

Particular case of such function is metric, symmetric, monotone and positive definite 

function, satisfying three so called metric axioms.  

Various metric forms may be found in a number of issues of science and 

technology, and one among possible metric applications includes numerical problems. 

Metric operator may be found, inter alia, in approximation methods, particularly in such 

methods where data set is scattered, such as Shepard method or method of radial base 

functions. It is also used in issues of computer mechanics [Kleiber et al 1995], problems 

of optimization [Cea 1976, Kurcyusz 1982], fuzzy logic [Bloch 1999, 

Santini 1999, Sebe 2000], expert systems [Zezula 1998], issues of dynamics 

[Kącki 1992], scene analysis [Krumhansl 1982, Santini 1999, Jain 1995], issues of 

wavelets [Wojtaszczyk 2000], and furthermore in neural networks [Osowski 1996, 

Rutkowska et al. 1997, Kaski 2000], particularly Counterpropagation type [Hecht-

Nielsen 1987, Adeli 1995, Łukaszyk & Waszczyszyn 1999, Łukaszyk 2000], self-

organizing Kohonen map [Kohonen 1990, Polański, Walczak, 

Gieleciak, Łukaszyk 2000] or auto-associative networks [Schmitt 1995]. 
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3.1 Metric axioms 

Each function  IId : , shall satisfy the following three relations in 

order to call it metric
3
: 

1. yx,   yxyx  0),(d ,  (3.1) 

2.  yx,   ),(),( xyyx dd   , (3.2) 

3.  zyx ,,   ),(),(),( zxzyyx ddd   . (3.3) 

The second axiom is also called axiom of symmetry and the third axiom is also called 

triangle of inequality.  

Although these axioms are basically consistent with intuitive human 

understanding of distance
4
, a number of researchers undermines the point of their use in 

practical issues such as, for instance, pattern recognition, computational geometry or 

philosophy of science and psychology  [Santini 1999, Krumhansl 1982, Tversky 1977, 

Jain 1995]. 

In psychology, for instance, many of measurements of similarity constitute 

metric in a certain (metric) space of certain features being the subject of perception, so 

called actual metric d, wherein some additional concept of estimation metric δ, which is 

the only one that can result from experimental works, has been introduced 

[Santini 1999]. Between d and δ the following relation occurs: 

 δ(x, y) = g[d(x, y)]  (3.4) 

where g is a monotonically increasing function. However, axioms 1 and 3 may 

not be satisfied for some forms of function g
5
, which is proved by a number of examples 

                                                 
3
 If d does not satisfy the third axiom (triangle inequality), it is called distance function 

[Wilson 1997, Santini 1999]. 

4
 (1) Distance between two points x and y shall be non-negative and zero only when these 

points correspond to each other (x = y); (2) distance shall not depend on whether it is measured 

from x to y, or from y to x; (3) distance between two points shall not be larger than a sum of 

distances between each of those points and any third point, 

5
 An example may be function g(r) = r

2
 + 1 
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of sensory illusions, and in particular optical illusions.  

An interesting experiment is described in paper The Number Sense [Dehaene 1997]. 

Person that was tested was presented with two numbers, and their task was to select a 

larger one. Here is what the author writes: 

„...This elementary comparison task was not as easy as it appeared. The adults 

often took more than half a second to complete it, and the results were not error-free. 

Even more surprising, performance varied systematically with the numbers chosen for 

the pair. When the two digits stood for very different quantities such as 2 and 9, subjects 

responded quickly and accurately. But their response time slowed by more than 100 

milliseconds when the two digits were numerically closer, such as 5 and 6, and subjects 

then erred as often as once in every ten trials. Moreover, for equal distance, responses 

also slowed down as the numbers became increasingly larger. It was easy to select the 

larger of the two digits 1 and 2, a little harder to compare digits 2 and 3, and far harder to 

respond to the pair 8 and 9. (…) This effect occurred among people with a very high IQ 

and also for persons that have undergone intensive training…” 

3.2 Minkowski metric 

Euclidean metric ( )2(d ): 

  
i

ii yxd
2)2( ),( yx  , (3.5) 

is one of the most commonly used metric. This metric constitutes a special case of 

Minkowski metric: 

 
p

i

p

ii

p yxd

1

)( ),( 







 yx   (3.6) 

for p = 2, wherein p > 0 constitutes a certain constant called metric rank. 

One may also use some other forms of Minkowski metric (3.6) such as for 

instance metric d
()

: 

 ii
i

yxd  max),()( yx  , (3.7) 

that is also called Chebyshev metric [Wilson 1997], or metric of type d
(1)
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  
i

ii yxd ),()1( yx  . (3.8) 

that is also called city-block metric or Manhattan metric, because it enables to easily 

determine distance between two points on a city plan, if all the streets run parallel to the 

coordinate axes marked on the plan.  

In each Minkowski metric, there are some differences |xi – yi| between 

components of the measured points x and y, corresponding to each other. Introducing: 

 yxζ    (3.9) 

Minkowski metric may therefore be presented in the form of an unary function: 

 
p

i

p

i

pd

1

)( )(ˆ








 ζ , (3.10) 

which may be identified with the norm of a vector yxζ  . 

3.3 Other metric operators 

In literature, one may find a number of other metrics that satisfy metric axioms, 

among which one may mention the Camberr metric [Wilson 1997]: 

 





i
ii

ii

CM
yx

yx
d ),( yx , (3.11) 

which nondimensionalization constitutes a great advantage in practical applications, 

whereas a disadvantage is uncertainty for xi = yi = 0. Another example is the 

Mahalanobis metric [Nadler 1993]: 

    
jj

j i
ijiiMH yxqyxd  







 ),( yx , (3.12) 

where q is positive definite matrix I x I of weighting factors, which is selected 

depending on the analysed problem. 
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Chapter 4.  

Probability metric (PM) 

In applications of experimental mechanics and in converting their results with 

the use of computer methods, realizations of measurements, that is simple events, 

constitute metric arguments ( )( pd ). Due to the occurrence of measurement errors, these 

realizations will differ from each other during repetition of a given experiment. 

Therefore, measurements may be considered as random variables and statistical methods 

may be applied for their description. But how to determine distance between two 

variables or random vectors? 

4.1 PM for random variables 

I propose to introduce the following operator:  

  








 dydxyxFyxYXD ),(),( , (4.1) 

which arguments are two continuous random variables X and Y described with 

distribution of probability density F(x, y). This operator is later called probability metric 

for random variables. 

Note that if two variables X and Y are described with Dirac pseudo-function 

(2.13) that is they are exact variables, than: 
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   ),(,),( yxyxyxDD mmdmmdydxmymxyxYXD   








  . (4.2) 

Therefore, for two exact measurements, operator (4.1) reduces to the module of the 

difference between mean values of variables X and Y. 

If variables X and Y do not depend on each other and are described with 

distributions f(x) and g(y) respectively, their mutual distribution may be expressed as a 

product of this distributions -      ygxfyxF , , and described as: 

  








 dydxygxfyxYXD )()(),( . (4.3) 

Since in practical issues we usually deal with sets of measurements that are 

mutually independent, later in the dissertation I only deliberate PM for independent 

variables (4.3). 

If one variable X is described with any distribution of probability density and Y 

constitutes an exact variable with Dirac distribution (2.13), than the above PM may be 

described as: 

    










y

y

m

y

m

yyD dxxfmxdxxfxmdxxfmxYXD )()()(),( . (4.4) 

It may be demonstrated that minimum of such PM occurs when my = me(X), that 

is when point my constitutes median of the distribution f(x). The proof is conducted in 

chapter 10.2. 

4.1.1 Characteristics of PM for random variables and metric axioms  

Let us examine if probability metric (4.3) satisfies metric axioms (3.1) - (3.3). 

Let us consider three random variables X, Y, Z, which distributions of probability 

density are f(x), g(y) and h(z) respectively. We assume that these variables may differ 

not only in mean values, but also in variance and in types of distributions. 
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Axiom 1 is not satisfied: 

 YX ,  YXYXD  0),(   

Proof: 

Substituting Y = X we receive:  

       0,   








xddxxfxfxxXXD .  

If distribution f(x) does not constitute a Dirac function (2.13), but only a positive 

definite continuous function (2.1), than there exists such point x0, where f(x0) > 0. 

It results from mathematical analysis that for continuous function f(x):  

       xfxxxxxx 00 ,:0,0 . 

Therefore: 

   0
3

8
, 322

0

0

0

0

  








xxddxxxXXD

xx

xx

xx

xx

  . 

Therefore: 

 0),(:  XXDX , (4.5) 

and first metric axiom (3.1) is not satisfied. 

D(X, X) = 0 only when variable X is an exact variable. Then: 

    0'''  








xxxx mmdxdxmxmxxx  . 

The above effect of non-zero distance will be shown in detail in exemplary 

particular forms of PM. 

Axiom 2 is satisfied 

 YX , ),(),( XYDYXD    (4.6) 

Proof: 

The proof results directly from the symmetry of module that occurs in formula 

(3.16). Therefore, we receive: 
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    XYDdxdyxgyfxydydxygxfyxYXD ,)()()()(,    
















. 

Axiom 3 is satisfied 

 ZYX ,,  ),(),(),( ZXDZYDYXD   , (4.7) 

Proof: 

 

 

   

 

   ZYDYXD

dydzzhygzydxdyygxfyx

dxdydzzhygxfzydxdydzzhygxfyx

dxdydzzhygxfzyyx

dxdydzzhygxfzyyx

dyygdxdzzhxfzxdzdxzhxfzxZXD

,,

)()()()(

)()()()()()(

)()()(

)()()(

)()()()()(,













  

    

  

  

  





















































































 

because 1)()()(  












dzzhdyygdxxf . 

Therefore ),(),(),( ZXDZYDYXD  , and PM for random variables satisfies 

a triangle inequality. 

It results from the foregoing deliberations that probability metric (4.3) may not 

be considered as metric in approximation terms, because it does not satisfy the first 

metric axiom - even for two identical random variables with equal means values 

(mx = my), distance described with formula (4.3) is non-zero. 

Let us consider which other characteristics describe PM operators (4.1) and 

(4.3). In fig. 2 there is a situation pictured, in which one of the variables is an exact 

variable (2.13), and the second one is described with normal distribution (2.7). Note that 

when mean values of these variables are close to each other (my  [mx - sx, mx + sx]), 

than because of the symmetry of the module |x - y|, the same distances between possible 

realizations of x and y occur on either sides of the straight line y = my. 
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Fig. 2. Probability distributions of two variables, 

one of which is described with Dirac distribution 

In turn, fig. 3 presents probability distributions in such a case when both 

variables X and Y are random variables with normal distribution (2.7), for three different 

distances between their mean values.  

You can see that with the approach of variables to each other, the range in which 

the same realizations of the variables are possible is increasing. This results in non-zero 

distance effect, which is characteristic for PM for random variables.  

 (a)  (b)  (c)  

Fig. 3. Distributions of probability density of two 

random variables X, Y with normal distribution 

Since PM for random variables constitutes a constant value for two random 

variables with known distributions and parameters, it may be considered as another 

statistical parameter of a random variable, such as mean value, variation, average 

deviation or moment of any order.  

But if we know neither distribution nor parameters of a certain value, which we 

know is the random variable, what is the meaning of PM?  
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In such a case PM is simply an average distance between realizations of these variables. 

For instance, if we have set n of realizations of variable X: x1, x2,…, xn and set m of 

realizations of variable Y: y1, y2,…, ym, than PM is an average distance between all (mn) 

pairs {xi, yj} of realizations of variable X and realizations of variable Y. It will be 

presented later in the case of PM for discrete variables (4.33). 

It shall be mentioned here, that from the practical point of view, an interesting 

situation is in fact when both PM arguments are random variables with the same type of 

distribution of probability density. As a matter of fact, it is hardly to expect that a type 

of distribution of measurement errors varies depending on a measured point. Moreover, 

an error of measurement, usually defined with standard deviation, is about the same for 

the entire experiment, and the difference is only in mean values of the individual 

measurements.  

In chapters 4.1.2 to 4.1.5 below, I presented several forms of probability metric 

with normal, exponential, uniform and triangular distributions, for one-dimensional, 

random variables X and Y, and with assumption that distribution of probability density 

of these variables is the same in type and variance: 

 sss yx   

or one of the variables is an exact variable: 

 0 yx sss  or sss yx  0 . 

These derivations include specifying an integral occurring in formula (4.3)
6
. In 

order to derive particular forms of PM for random variables, for any distributions of 

probability density, it seems that the relationship presented below is the most useful: 

                                                 
6
 Details may be found in annex B.1 
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   

  

  

  

 













 



 







 

















dxdyygxfxdxdyygyxf

dxdyyygxfdxdyygxxf

dxdyygxfxydxdyygxfyx

dydxygxfyxYXD

xx

xx

x

x

)()()()(

)()()()(

)()()()(

)()(),(

 (4.8) 

Since: 

1)()()(  






 y

y

dxxfdxxfdxxf  i 









y

y

dxxxfdxxxfdxxxf )()()(  (4.9) 

therefore: 

dxdyygxfxdxxfxdydxygyxfdydxygyxf

dxdyyygxfdxdyygxxf

dxdyygxfxdxdyygydyygyxf

dxdyyygxfdxdyygxxfYXD

xx

xx

xx

xx

   

  

  

  



 







 











 



 



 



 







 



 






































)()()()()()()(

)()()()(

)(1)()()()(

)()()()(),(

 (4.10) 

Substituting: 

 xmdxxxf 




)(  and ymdyyyg 




)(  and (4.11) 

 mxy = |mx – my| , (4.12) 

we finally receive: 

xy

xx

mdxdyyygxfdxdyygxxfYXD 













   



 



 

)()()()(2),(  (4.13) 
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The occurring expression mxy = |mx – my|
7
 defines relative distance between mean 

values of measurements X and Y, and therefore PM is presented below as a function mxy, 

where s is parameter. 

Throughout the dissertation, subscripts of operator PM define a type of adopted 

distribution of probability density. Therefore, for instance, for two Dirac delta 

distributions: 

   xyyxDD mmmYXD , , (4.14) 

PM reduces to one- dimensional Minkowski metric, and DNN(X, Y) defines PM for two 

normal distributions.  

4.1.2 PM for random variables with normal distribution (ND and NN) 

If one of random variables is described with normal distribution (2.7), and the 

second one is described with Dirac delta distribution (2.13), then the integration of the 

formula (4.3) (Annex A) leads to the formula: 

 





























s

m
m

s

ms
mYXD

xy

xy

xy

xyND
2

2
erfc

2
exp

2
),(

2

2


 , (4.15) 

and in the case when both variables are described with normal distribution:  

 























s

m
m

s

ms
mYXD

xy

xy

xy

xyNN
2

erfc
4

exp
2

),(
2

2


 , (4.16) 

where erfc constitutes complementary error function: 

 erfc(x) = 1- erf(x) , a dtex

x

t




0

22
)erf(


 . (4.17) 

Distance between two overlapping random variables (mx = my) constitutes the 

limit of the formulas (4.15) and (4.16) with mxy tending to zero. Therefore, we receive: 

                                                 
7
 Similar to yxζ   (3.9)  
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

s
YXDND

mxy

2
),(lim

0



 i (4.18) 

 


s
YXDNN

mxy

2
),(lim

0



 .  (4.19) 

Graphs of functions DND(X, Y) and DNN(X, Y) are presented in fig. 4 for s = 0, 

s = 0.2, s = 0.4, s = 0.6, s = 0.8 and s = 1. 

PM application for normal distribution may cause some problems because of 

long calculating time. In the case of analysis of large data sets it may constitute a burden 

in numerical applications. Therefore, I presented in annex B.3 alternative, simplified 

formulas achieved through the development of primary probability metrics in truncated 

Taylor series. 

4.1.3 PM for random variables with exponential distribution (ED and EE) 

Similarly as in the previous case, if one of random variables is described with 

exponential distribution, and the second one is described with Dirac delta distribution, 

than the integration of the formula (4.3) leads, as described in annex B.1, to the formula: 

  
xyxy

xy

ED msm
sm

s
YXD 


















 exp2),( . (4.20) 

However, if both variables are described with exponential distribution than: 

 
sm

s
mYXD

xy

xyEE
2

2
),(

2


  (4.21) 

Substituting mxy = 0, minimal PM values DED(X, Y) and DEE(X, Y) are equal to: 

 
e

s
YXDED

2
),(min   and  (4.22) 

 sYXDEE ),(min  .  (4.23) 

PM graphs DED(X, Y) and DEE(X, Y) are pictured in fig. 6. 
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4.1.4 PM for random variables with uniform distribution (RD and RR) 

If one of random variables is described with rectangular distribution (2.9), and 

the second one is described with exact distribution (2.13), than after the integration, PM 

for random variables reduces to:  

 















smm

sm
s

ms

YXD

xyxy

xy

xy

RD

3

3
32

3

),(

22

 , (4.24) 

whereas if both variables are described with uniform distribution, than the integration of 

the formula (4.3) leads to the equation: 

 
















smm

sm
s

smms

YXD

xyxy

xy

xyxy

RR

32

32
36

36324

),( 2

233

. (4.25) 

Substituting mxy = 0, we receive:  

 
2

3
),(min

s
YXDRD   and (4.26) 

 
3

2
),(min

s
YXDRR   . (4.27) 

Graphs of the above forms of PM are presented in fig. 7. 

4.1.5 PM for random variables with triangular distribution (TD and TT) 

If one of random variables is described with triangular distribution, whereas the 

other one is described with exact distribution (2.13), than after the integration: 

 
 













smm

smmsms
sYXD

xyxy

xyxyxy

TD

6

66366
18

1

),(

323

2  . (4.28) 

However, if both variables are described with triangular distribution, than after rather 

arduous integration of the formula (4.3), we receive equation: 
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2160

6100862406103

),(
4

54233245

4

52345

. (4.29) 

Substituting mxy = 0, we receive:  

 
3

6
),(min

s
YXDTD    and (4.30) 

 
15

67
),(min

s
YXDTT   . (4.31) 

PM graphs for triangular distribution are presented in fig. 8. 

At the same time, PM graphs presented in fig. 4 to fig. 8 picture the dependence 

() of probability metric from classical metric: 

        smsmmsmmdYXD xyyxyx ,,,,,  . 

As one may see, in every case for exact variables (s = 0)   xx  . 

 

 

Fig. 4 Probability metrics for normal distribution, 

s = 0, s = 0.2, s = 0.4, s = 0.6, s = 0.8 and s = 1, 

DND(X, Y) – one variable with normal distribution (a) 

DNN(X, Y) – two variables with normal distribution (b) 
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Fig. 5. Probability metrics for exponential distribution, 

s = 0, s = 0.2, s = 0.4, s = 0.6, s = 0.8 and s = 1, 

DED(X, Y) – one variable with exponential distribution (a) 

DEE(X, Y) – two variables with exponential distribution (b) 

 

 

 

Fig. 6. Probability metrics for uniform distribution, 

s = 0, s = 0.2, s = 0.4, s = 0.6, s = 0.8 and s = 1, 

DRD(X, Y) – one variable with uniform distribution (a) 

DRR(X, Y) – two variables with uniform distribution (b) 
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Fig. 7. Probability metrics for triangular distribution, 

s = 0, s = 0.2, s = 0.4, s = 0.6, s = 0.8 and s = 1, 

DTD(X, Y) – one variable with triangular distribution (a) 

DTT(X, Y) – two variables with triangular distribution (b) 

Taking other functions of probability density, we will receive other particular 

forms of probability metric (4.3): 

  








 dydxygxfyxYXD )()(),( , 

but in every case they will have the character and form similar to the particular forms 

described above for normal, exponential, uniform and triangular distribution. 

Particularly, if variation of random variables tends to zero, and their distribution 

transforms into Dirac distribution (2.13), in accordance with (2.14), than: 

 0),(lim
0




YXD
s

 . (4.32) 

4.1.6 PM for discrete random variables with Poisson distribution (PD and PP) 

In the case when variables X and Y are discrete variables, probability metric (4.3) 

receives the form: 

     
i j

jiji yYPxXPyxYXD ),(  , (4.33) 
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whereas if one of the variables (in this case Y) is an exact variable, described with 

deterministic distribution (2.15): 

   
i

iyi xXPmxYXD ),(  , (4.34) 

Let us consider discrete random variables X and Y described with Poisson 

distribution (2.17). Let px mean the probability of success in experiment X, and py in 

experiment Y. If the number of experiments n is constant and large, the formula (4.33) 

receives the particular form  

 
 









n

k yx

k

y

k

x
n

k

yxPP

x

yx

yx

y

e
kk

kkYXD
0 0 !!

),(


 , (4.35) 

where 
xx np  and yy np  or the form: 
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),(
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, (4.36) 

in the case when Y is an exact variable in my, described with deterministic distribution 

(2.15). 

At the moment, it is difficult to indicate possible applications of PM for discrete 

random variables. Deliberations regarding the difference between the number of 

successes in two independent sets of experiments do not indicate potentially possible 

and reasonable applications. 

Given the above and the fact that most random variables occurring in issues of 

physics are continuous random variables, discrete probability metric and its applications 

do not constitute the subject of this dissertation, even though, as a matter of fact, a 

simply result of coin toss may constitute continuous random variable. If we had 

performed the coin toss on the plastic surface, for instance on the wet sand, the number 

of possible realizations of this experiment would be much greater than two 

[Stewart 1995]. 
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4.2 PM for random vectors 

As the natural extension of PM (4.1) for random vectors I propose the 

expression:  

   



Ω

yx ddFdD ),(,),( yxyxYX , (4.37) 

where  yx,d  is described as a base metric, satisfying the axioms (3.1) to (3.3), and: 

    II yyyxxxFF ,...,,,,...,,, 2121yx  (4.38) 

means common multivariate distribution of random vectors X and Y, which in the most 

general case may not only be depend internally (through their components), but also 

mutually. In the case when X and Y are mutually independent, one may obviously note: 

   


 yx ddgfdD )()(,),( yxyxYX . (4.39) 

The expression corresponds to PM for random variables (4.3) and if furthermore 

individual components of random vectors X and Y do not depend on each other, the 

expression can be further simplified, which may be presented as:  

            i
i

II xfxfxfxfxxxff  2121 ,...,,x  and (4.40) 

            i
i

II ygygygygyyygg  2122 ,...,,y . (4.41) 

If base metric  yx,d  in PM (4.37) and (4.39) indicates Minkowski metric 

),()( yx
pd , than for instance PM (4.39) may be presented as: 
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Let us notice that: 
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, (4.43) 
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that is PM for random vectors (4.37) and (4.39) transform in their base metrics when 

those vectors constitute the exact vectors.  

4.2.1 Characteristics of PM for random vectors and metric axioms 

Subsequently, let us test if PM for independent random vectors (4.39) is 

described with features similar to one-dimensional metric characterized by relations 

(4.5), (4.6) and (4.7). The proof presented below refers to Minkowski metric. 

Axiom 1 is not satisfied: 

 YX,  YXYX  0),(D   

Proof: 

Proof constitutes the extension of the proof regarding PM for random vectors to 

the multivariate cases and it is introduced to Minkowski base metric. Substituting Y = X 

we receive: 
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If distribution f(x) does not constitute Dirac pseudo-function (2.13), but it constitutes a 

positive definite continuous function (2.1), than there is such point x0, in which 

f(x0) > 0, and consequently similarly as in the proof (4.5): 
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Therefore performing the integration in the neighbourhood of a point x0: 
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Then, similarly as in the case (4.5): 

 0),(:  XXX D   (4.44) 
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Axiom 2 is satisfied 

 YX , ),(),( XYYX DD   

Proof: 

Proof is trivial because similarly as for (4.6), it results from the symmetry of a 

base metric (in this case Minkowski metric) that: 
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Axiom 3 is satisfied 
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 (4.46) 

The above proof regards Minkowski metric and p  1, wherein Minkowski inequality 

for sequences is used here [Cea 1976]: 
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Therefore the third axiom condition (3.3) is also satisfied for the multivariate 

form (3.55) of PM for dependent variables: 
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     ZXZYYX ,,, DDD  . 

4.3 PM for random vectors, simplified form 

The definition of the PM for random vectors (4.39) is rather complex. For 

instance, in order to determine the distance between two particles in the 
3
 space 

applying such a metric, the integration shall be performed even six times. However, 

most problems in physics concern individual components of measurement that are not 

mutually dependent [Szczepiński 1998]. Results of point position measurement on a 

surface or in a space along each dimension do not depend on each other. Similarly, 

strains xx, xy, yy received from a strain gauge rosette located on the tested object as 

well as an isochromatic fringe pattern on a photogram of an elastooptic model, are not 

mutually dependent.  

For defining the distance between random vectors X and Y, whose components 

are independent of each other, the following form of probability metric (PM) is 

proposed: 
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The difference between PM for random vectors (4.39) and PM (4.48) is that 

instead of taking double integral over the entire surface of possible realizations of 

random vectors X and Y, the adequate PM for random variables of individual 

components of those vectors is applied. In accordance with (3.10), those components 

constitute arguments for Minkowski metric. 

Let us notice that if random vectors X and Y are exact, than with the use of the 

relation (4.2): 
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for mx and my being the vectors of mean values of random vectors X and Y. In 

consequence, PM for random vectors (4.48) shall be likewise reduced to Minkowski 

metric. 

Since the simplified definition of the probabilistic distance (4.48) is not 

computationally complex, it may be easily implemented numerically. In annex B.1 I 

presented the source code „mmetric.cpp” in language C, that constitutes the 

implementation of the form (4.48) for normal, exponential, uniform and triangular 

distribution, respectively when only one of random vectors is specified with multivariate 

distribution of probability density (4.40): 

    i
i

xff x   

and the second one is random vector with certain distribution: 

    
ixi

i
mxf  x  (4.50) 

and when both random vectors are specified with distribution of (4.40) type. 

4.3.1 Properties of the simplified form of PM for random vectors and metric 

axioms 

Let us test if the simplified form of PM for random vectors has properties that 

are similar to PM for random variables, which in turn is characterized by relations (4.5), 

(4.6) and (4.7). 

Axiom 1 is not satisfied: 

 YX,  
 

YXYX  0),(pD   

Proof: 

Since: 

 
     0,:0,  ii

p XXDiD XX , 

and since in accordance with (4.5): 

 0),(:  iii XXDX , 
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the first metric axiom is not satisfied. 

Axiom 2 is satisfied: 

 YX,  
    ),(),( XYYX

pp DD   (4.51) 

Proof: 

The proof results directly from the characteristics of PM for random variables, 

that satisfies the second metric axiom (4.6): 
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Therefore: 
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Axiom 3 is satisfied: 

 ZYX ,,       ZXZYYX ,,, DDD   . (4.52) 

Proof: 

The proof is presented for p  1. In accordance with (4.7): 

      iiiiii ZXDZYDYXDi ,,,  . 

While from Minkowski inequality for sequences [Cea 1976]: 
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Thus the third metric condition (3.3) is satisfied for the simplified form of PM 

for random vectors (4.48). 

Figure 8 (a), (c) and (e) shows Minkowski metrics ),()( 0x
pd  (3.6), in two- 

dimensional case for three various values of metric p: 

 ),()1( 0xd , ),()2( 0xd  and ),()( 0x
d . 
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For comparison figure 8 (b), (d) and (f) show the surfaces of three probability metrics 

for random vectors DRD
(p)

(X, 0) (4.48), which components include PM for random 

variables for uniform distribution )0,( iRD XD  (4.24): 

 DRD
(1)

(X, 0), DRD
(2)

(X, 0) and DRD
()

(X, 0), 

for X = (X1, X2) being the random vector specified with two- dimensional uniform 

distribution.  

In case of Minkowski metric those surfaces represent a set of spheres
8
: 

      rdrK pp
 ),(:, 2

0xx0 ,  (4.53) 

while in a case of PM of spheres: 

      rDrK
p

RD

p
 ),(:, 2

0XX0  , (4.54) 

for r being vertical coordinate. Therefore, each of the cross sections of the presented 

surfaces constitutes the set of points equidistant from the central point 0 by value r 

corresponding to the level of such section. Since fig. 8 (b) corresponds to Euclidean 

metric and fig. 8 (c) corresponds to probability Euclidean metric, the cross sections shall 

obviously represent circumferences. The graphs were obtained using Matlab 

programme, with the application of MMETRIC.M script, presented in annex B.2. 

When comparing corresponding to each other surfaces on fig. 8, it may be 

noticed that PM for random vectors is always greater than some non- zero minimal 

value
9
. Minimum rmin for surfaces presented on fig. 8 (b), (d) and (f) stands in the origin 

of coordinates and, for the random vector X with uniform distribution, in accordance 

with (4.26) and (4.48), it yields the value [Łukaszyk 2003]: 
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8
 It may be noticed that triangle axiom (3.3) is satisfied for Minkowski metric only in a 

case when p  1. Only in such a case the spheres (4.54) are convex. 

9
 It constitutes the lowest point of rounded vertexes of pyramids. 
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 (a) (b) 

 

(c) (d) 

 

(e) (f) 

 

Fig. 8. Minkowski metric and PM for random vectors, simplified form, s = 0.2 

Manhattan metric ),()1( 0xd  (a), Euclidean metric ),()2( 0xd  (c) and ),()( 0x
d  (e) 

DRD
(1)

(X, 0) (b), DRD
(2)

(X, 0) (d) and DRD
()

(X, 0) (f)  
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4.4 Summary 

In this chapter I have proposed a definition of an operator of probability metric 

(PM) for random variables ((4.1), (4.3)) and random vectors ((4.37), (4.39)), as well as 

its simplified form (4.48) for random vectors, which components are independent 

[Łukaszyk 2003]. 

I present below some characteristic features of PM.  

 PM is a monotonically increasing and a positive definite function. 

 PM does not satisfy the first metric axiom, and it is usually non-zero function 

(non-zero distance effect). 

 PM constitutes the generalization of any metric operator d to the sample space; it 

is the exact function () of this operator and the standard deviations sx, sy of 

random variables: 

    
yxyx ssmmdYXD ,,,, 

. 

 For two variables with Dirac distribution, PM reduces to the metric of mean 

values of these variables:  
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 Moreover: 
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which means that non-zero distance effect is local in its character and it 

disappears with increasing distance of mean values of random variables. In such 

a case, random variables may be considered as points corresponding to their 

mean values. As presented in the chapters below, this effect is particularly useful 

in approximation applications. 

Since PM is an exact value for two random variables with known distributions 

and parameters, it may be considered as a statistical parameter of these variables. 

In a case, when we do not know a distribution or parameters of random variables, PM is 

an average distance between all pairs of realizations of these variables. The above 

characteristics obviously refer to PM for random vectors as well.  
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Selected particular forms of PM for random variables with normal, exponential, 

uniform and triangular distribution are characterized with the same common features.  

4.4.1 PM and fuzzy logic 

Fuzzy logic, proposed by Lotfi Zadeh [Zadeh 1965], constitutes such extension 

of Boolean logic that includes an introduction of a continuum set of intermediate values 

(fuzzy values) between two logic values corresponding to common understanding of 

true (1) and false (0), as well as a definition of adequate logic operators for adopted 

values, which correspond to relations in Boolean logic.  

Fuzzy logic is widely applied in modelling of technology issues, particularly in a 

case of such systems, in which „human factor” plays a fundamental role, that is where 

inaccurate values occur and the way of drawing conclusions from such information 

(inference system) is also approximate. 

Fuzzy sets are usually defined by means of so-called membership function X(x), 

which for fuzzy set X in space   assigns a certain degree of truth in the interval [0, 1] 

to each element x of this set.  

  1,0:)( xxX .  (4.56) 

Sample fuzzy sets X and Y that might be defined for terms „short” and „high”, 

stretched over the growth space   in centimetres, may look like it is presented in fig. 9 

(compare with fig. 1). 

These sets will be obviously defined differently by Pygmy and by Swede. One may 

naturally also imagine hypothetical observer who defines terms in an acute form (for 

instance: height  180 cm  short, height > 180  high). 
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Fig. 9. Sample fuzzy terms „short” X (pl: „niski”) and „high” Y (pl: „wysoki”) 

Fuzzy logic is primarily used to fuzzy modelling of certain systems, in which 

numerical variables are converted into fuzzy sets (linguistic variables) in accordance 

with designers’ intention, and later these variables are converted with the use of the 

predefined rule base that may reflect our knowledge of the system, and finally output 

linguistic values are converted back into quantitative variables [Rutkowska 1997]. 

Functioning of fuzzy controllers is based on this principle. Fuzzy sets are therefore 

created mainly for the purpose of classification and interference. 

Moreover, in fuzzy sets theory, there is a number of operators that are used to 

define mutual distance of two fuzzy sets, depending on a modelled issue [Bloch 1999, 

Santini 1999, Sebe 2000]. The most common metric between fuzzy sets A and B is 

probably Hausdorff metric [Eiter 1997], defined as: 

     badbadBAd
BbAaBbAa

h ,minmax,,minmaxmax),(


  , (4.57) 

where  bad ,  may signify, for instance, Minkowski metric between elements a, b of 

these sets. 

Even though fuzzy sets theory is somehow related to probability theory, for 

instance through the concept of subjective probability, which is a value reflecting 

subjective belief of the observer that a certain event may occur, the requirement of 

normalization of this probability does not occur here. Moreover, there is no system of 

statistical parameters such as mean value or standard deviation, but only a subjectively 

defined membership function.  
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According to the author, key difference between fuzzy logic and probability 

theory is empiricism and consequently objectiveness of the latter. In other words, fuzzy 

sets are defined depending on the concept of the person who models a given issue, while 

random variables are (or at least they should be) objective and independent of the 

observer. A good example is obviously quantum mechanics, in which the object is 

described with a wave function (related to probability density), while the observer, 

making the observation, realizes this function. Even though the observer receives 

another realization of measurement, they all work on the same object (the same random 

variable). 

Since the concepts of fuzzy set and random variable are quite different, PM, 

which constitutes a natural extension of metric for sample space, cannot be considered 

in terms of fuzzy sets. 
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Chapter 5.  

Physical interpretation of PM 

One of possible meanings of probability metric is quantum particles distance. In 

non- relativistic quantum mechanics, each particle corresponds to a function of state 

(wave function) (x,y,z) dependent on space coordinates, and probability dP that a 

particle is located in a given element of space dV equals to: 

 dP = 
2

  dV , (5.1) 

wherein additional condition of normalization of wave function results simply from the 

definition of probability: 

 1
2

 dV
V

 . (5.2) 

Treating a square root of a module of a wave function as a distribution of 

probability density of finding a particle in a specific position, distance D between two 

particles A and B, which correspond to wave functions A(x,y,z,t) and B(x,y,z,t), may 

be represented by a probability metric. In accordance with (4.4), we may therefore 

indicate for any instant t: 

   
V V

BABABABABA dVdVzzyyxxD
22222

),( BA  . (5.3) 
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5.1 Particle in a potential well  

Let us consider particle X located in one-dimensional potential well of a width a, 

pictured in fig. 10. Potential is infinite for x < 0 and x > a and zero for 0 < x <a. Since 

the problem is stationary, separation of variables is possible: 

 (x,y,z,t) = φ (x,y,z) ψ(t) , (5.4) 

and a solution of the problem is a function φ (x,y,z) which in this case takes the form 

[Landau, Lifszyc 1979]: 
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where m denotes an eigenvalue of particle energy. Infinity of the potential for x < 0 and 

x > a requires to set to zero wave functions in these areas, that is: 

 φ (x) =0  x < 0  x > a , 

whereas probability P of finding a particle in a given segment x1 < x < x2 of a well 

bottom (0 < x <a) may be denoted as: 
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This situation is pictured in fig. 10. 

A distance between any point of a well    [0, a], for instance between a 

particle in a known position, and a quantum particle located in this well, described with 

a wave function in the form (5.5), may be presented with the use of a probability metric:  
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which has been derived from relations (4.4) and (5.3). 

A distance PM (5.7) for various levels of particle energy is presented in fig. 11. 
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Fig. 10. Distributions of probability density of finding a particle in  

in an infinitely deep potential well of a width a 

for some eigenvalues of energy m 

 

Fig. 11. Distance between particle in a known position and a quantum particle  

in an infinitely deep potential well of a width a 

for some eigenvalues m of quantum particle energy  
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For instance, a distance between a quantum particle of energy level m = 2, and a 

bottom point distanced from a well edge by 0.2 a, derived from the formula (5.7), yields 

to 0.3171 a. Interestingly, a distance (5.7) between this particle and a well edge (x = 0 or 

x = a) yields to 0.5 a, regardless of a particle energy, even though 0.2 a + 

0.3171 a  0.5 a. That is obviously consistent with the characteristics of PM, described 

in chapter 4.1.1; in a case of a PM „distance” measured from a well edge, an average 

particle location is a well midpoint.  

An interesting observation that may be derived from fig. 11 is the fact that 

minimum PM value (5.7) occurs in a well midpoint
10

 and with an increase in particle 

energy it approaches 0.25 a, which is a minimum metric value (4.26) for PM with 

uniform distribution DRD (4.24)
11

. However, a probability density of finding a particle in 

a given point of a well, do not proceed to uniform distribution with an increase in 

particle energy for m → , as it could be expected, because a limit 
2
)(lim xm

m



 is 

indefinite. However, guided by intuition, one would think that for a particle of infinite 

energy, a probability of finding is constant in every point of a well, which is a case in a 

classical particle description.
12

 

Nevertheless, it turns out that there is a limit of PM (5.7) for m → : 
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, (5.8) 

which describes PM between particle of infinite energy and any point x. 

This limit is identical to PM for random variable with uniform distribution and for an 

exact variable (4.24): 

                                                 
10

 This point is at the same time a median and, since a distribution is symmetric, a mean 

value of distribution 2
)(xm  (see a proof in chapter 10.2). 

11
 Given the adopted form of rectangular distribution and relations (2.11). 

12
 Hence, a considered particle may be identified with a ball that fell into a very deep 

well of a width a, and which actual position at the bottom of a well cannot be observed. 
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substituting sa 32  and amx xy
2

1
 , that is „moving” a potential well left by 

2
a , 

because we assumed that 
2

,
2
aamxy  while defining PM DRD (4.24) for uniform 

distribution. Summing up, PM for uniform distribution (4.24) constitutes a particular 

form of a „quantum” PM (5.7) for m → . 

The application of the probability metric has enabled to circumvent certain 

mathematical restrictions related to a wave function )(xm , and consequently to 

confirm intuitive assumptions.  

5.2 Two particles in a potential well
13

 

Let us then consider a case of a mutual distance of two particles X, Y of wave 

functions )(xm  and )( yn  described with the formula (5.5) in a potential well of a 

width a. Since: 
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ny     (5.9) 

therefore: 

 0 yxxy mmm , and (5.10) 

using the formula (4.13), a probability metric between particles X, Y may be described 

as:  
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13

 Formulas (5.12), (5.13) and Fig. 12 has been corrected with respect to the original 

Polish version of this dissertation due to an error in integration of formula (5.11). 
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After performing the above integration, the most probable distance between 

these particles yields to:  
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wherein for m = 1 and n = 1, that is for minimal energy of particles X and Y, the distance 

between them is obviously the smallest and it yields to: 
 

   aaYXD 2067.0
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  (5.13) 

PM values graph (5.12) for various levels of particle energy is presented in fig. 12. 

 

Fig. 12. Distance between two particles X, Y 

in an infinitely deep potential well for the first ten 

eigenvalues m, n of particles energy  
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5.3 Summary 

PM examples presented above have been derived for relatively simple issues of 

quantum mechanics
14

, and their aim was to show one of the physical interpretation of 

PM. In issues of quantum mechanics, a wave function takes quite complex form and 

even for hydrogen it depends on three quantum numbers (principal, azimuthal and 

magnetic) [Kosiński 1998]. Certainly, PM derivation for this case does not constitute a 

subject of this dissertation. Aim of the above examples was also to familiarize a reader 

with some characteristic features of PM.  

As it turned out, PM between a particle in a potential well and any given point at 

the bottom of a well is, for a particle of indefinite energy, converted into PM with 

uniform distribution, although a square root of a wave function of this particle is for 

m →  not identical with uniform distribution. 

One of possible applications of PM (5.3) are issues of nanotechnology 

[Regis 2001], including particularly computational nanotechnology [Harrow 2003, 

Smirnov, Kibalov 2001]. Purpose of this field of engineering, rapidly growing in recent 

years, is especially to design mechanical systems, in particular the electronic ones at an 

atomic level, in which quantum effects and consequently a particle position uncertainty 

is unavoidable.
15

 

                                                 
14

 I skipped the simplest case of a free particle, because in such a case probability of 

finding a particle in any point of an indefinite area is constant ( const),(
2
tx ), and 

consequently it is not possible to define a distance between two such particles. 

15
 Among recent findings in this field, there are quantum nanowires that enable 

transmission of heavy current with practically zero- resistance, and hence without heat 

reduction of signal level. Some enterprises claim that they have already developed processes 

that enable the use these elements to build semiconductor integrated circuits 

[Smirnov, Kibalov 2001]. 
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Chapter 6.  

Selected approximation methods using metric 

operator  

Values of a certain function u1, u2,...., uK are often known in a finite set of points 

x1, x2,..., xK, but there is no analytical expression u(x) that enables to determine a value 

of a function u at any point x. Values uk may constitute, for instance, a result of an 

experiment or an outcome of numerical calculations, for which there is no analytical 

representation. In a case of data that constitutes a result of a previously conducted 

experiment, for instance within a field of experimental mechanics, both a sequence uk 

and a sequence xk are known with a certain error that is generally different for individual 

points k. Therefore, in order to determine values of function u(x), it is necessary to apply 

one of approximation methods. 

A number of approximation methods include an initial phase, called a learning 

phase, as well as a work phase. During an initial phase, these methods somehow 

„adjust” their internal structure with the use of pre-set approximation pairs {xk, uk}, 

storing, usually in a cache, data that are used later in a work phase, where for a pre-set 

input vector x a given method generates a corresponding value of a function u(x), that in 

a general case usually constitutes a vector function u(x). 

Although a learning phase and a work phase are concepts that are commonly 

applied in a field of neural networks [Osowski 1996, Master 1993], it is often ignored 

that these networks, especially the most common networks of Backpropagation type, 
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simply constitute an approximation method at a very high level of complexity. For 

instance, I demonstrated [Łukaszyk 2000] that a neural network of Counterpropagation 

type [Hecht-Nielsen 1987] is a particular case of a Shepard method with weighting 

factor  = 1 [Shepard 1967], which is a method revealed twenty years earlier, enriched 

with a learning algorithm based on a self-organizing Kohonen map [Kohonen 1990]. 

Customizing or „learning” of a given method may occur either after every 

introduction of a new approximation pair {xk, uk}, or just before commencement of an 

approximation process, as it happens, for instance, in a method of radial base functions, 

discussed in chapter 6.3. In this method, before commencement of an approximation 

process, in order to determine approximation factors, it is necessary to find a solution of 

a system of linear equations. 

A common feature of selected approximation methods presented below is an 

application of a metric operator as well as a possibility of operating on scattered data 

sets. Hence, it is not necessary for approximation points to be located in nodes of 

rectangular grid or to take another regular system. It constitutes their great advantage in 

a situation, when distribution of approximation points according to a pre-adopted plan is 

difficult. It is obviously closely related to a problem of planning of an experiment 

[Polański 1984], [Karmowski 1999] and [Polański, Walczak, Gieleciak, 

Łukaszyk 2000]. In issues of experimental mechanics, an approximation point may 

constitute, for instance, a location of a strain gauge in mechanical object that is tested, 

coordinates of an isochromatic vertex on an elastooptic photogram or an isotonic fringe 

on a holographic photo. 

Points xk and values uk constituting an approximation base are later in the 

dissertation indicated as approximation points and values respectively, whereas points x, 

in which a value of a function u(x) is determined, are indicated adequately as 

approximated points and values  
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6.1 Shepard method 

Shepard method [Shepard 1967] is an example of a global-local approximation 

method. In a single algorithm pattern that all approximation points take part in, only one 

approximation value is defined. Hence, a learning phase does not occur here.  

In a certain sense, Shepard method constitutes a generalization of Lagrange 

approximation method to multivariate cases. It results from a minimization of a 

functional that determines a deviation measure of a sought value from a measured value, 

defined as:  
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where k is an index of subsequent pairs {xk, uk}, in which xk is a sequence of 

approximation points, uk is a sequence of approximation values assigned to adequate 

points, and d
(p)

 is a metric operator that determines a distance of approximated point x 

from a given approximation point xk. Substituting as a weighting factor: 
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a formula (6.1) may be denoted as: 
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Comparing to an original Lagrange formula, a metric has been employed instead 

of a distance of points x and xk in the functional (6.3). It allows to perform different 

types of generalizations. When introducing a classical metric, we will receive an 

interpolation, whereas if we apply a „pseudo- metric” which does not need to satisfy the 

first axiom (3.1), we will receive an optimal approximation. One of the possibilities is to 

apply, instead of   k
pd xx, , for instance a relation 22 r  [Liszka 1984], where a 

selection of a parameter ε depends on a position error of approximation points. Further 

generalization possibilities are enabled with the use of PM, which is presented in 

chapter 6.4. 
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For an Euclidean metric and  = 2, the functional (6.3) is a square of a mean 

square value of difference quotients, that is transformed, in a limit, into a square of a 

directional derivative of a versor of a surface deviation vector. It constitutes then a 

global measurement of an approximation surface slope to a hyperplane {x}. 

From a minimization condition: 

 0
),(






u

ux
  (6.4) 

results an approximation function [Shepard 1967]: 
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For 0 <   1, this function is sharp, while for  > 1 it is smooth at the approximation 

points. It is usually assumed that  > 2.  

One of disadvantages of the approximation function (6.5) is a fact that 

approximation values that are generated by this function will not exceed a range of 

extreme approximation values, that is:  
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because if both sides of a formula (6.5) are multiplied by  
k

kw x , we get: 
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6.2 Shepard-Liszka method 

The method [Liszka 1984] constitutes a certain form of the Shepard method and 

it includes a modification of the functional (6.3) by expansion of the approximation 

function into truncated Taylor series around point x: 
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In a case of two- dimensional approximation and an expansion to the second range 

(n = 2), u(n) is denoted as: 
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As presented, for n = 0 this method is reduced to the Shepard method. 

From minimization conditions: 
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we receive a system of 6 equations: 

 A U = B ,  (6.10) 

where: 
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that a value of an approximation function may be determined from.  

It is obviously possible to apply extensions of higher ranges. This will naturally 

complicate a process of solving a system, however in such a case, also derivatives of an 

analysed function may be obtained in a single step of an algorithm. In the numerical 

practice, values of derivatives obtained for a rank that is twice lower than the highest 

derivative in an extension into Taylor series (6.8) are precise enough for technical 

applications 

Shepard-Liszka method is not a subject to a restriction (6.6). In other words, 

approximation values may exceed a range determined by extreme approximation values. 

6.3 Radial Base Functions Method (RBF) 

Radial Base Functions Method is a well-known method of interpolation of 

scattered data [for instance Hjelle 1996]. The method results from Cover theorem 

[Cover 1965], according to which a probability of a linear separability of a complex 

classification problem, non-linearly projected on a multivariate space, increases with a 

dimension of this space. The method, similarly as the Shepard method, represents an 

example of a global- local interpolation method, wherein weighting factors are 

determined for an entire approximated domain after an initial phase was concluded. A 

general formula for an approximation function in the RBF method has a following form: 

   
k

kk dcu xxx ,)(   (6.12) 

where (r) denotes so- called radial base function, and k = 1,2,..,K denotes a number of 

known approximation values (learning standards) and a dimension of a projecting space 



- 59 - 

at the same time. Selected forms of base functions
16

 are described in chapter 6.4, 

wherein the following indications were adopted: 

     kk d xxx ,   and (6.13) 

   kllk d xx ,    

where l = 1,2,..,K. 

Weighting factors ck in the formula (6.12) constitute a solution of a system of K 

interpolation equations that satisfy the condition: 
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and a matrix of a system takes the form: 
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and, as presented, it is symmetrical, and it is also positive definite by an adequate 

selection of base functions [Buhmann 1989]. 

In the work of Hjelle [Hjelle 1996], an extension of the approximation function 

(6.12) by linear polynomial stabilizing an interpolation process has been proposed: 
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Factors ck, di and e constitute now a solution of a system composed of K equations: 
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I equations: 
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and one equation: 

                                                 
16

 Terms: weighting factors and base function are, in fact, identical (wk(x)  (r)), and so 

they are used interchangeably in this dissertation, even though I prefer the first form (see also 

note 17). 
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Consequently, for an approximation at the space (I = 2), a matrix of a system has 

the form: 
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and, as previously (6.15), it is symmetrical and positive definite. 

Radial function method is a modern approximation method which is of interest 

to researchers involved in classical numerical methods and those associated with neural 

networks alike [Osowski 1996]. However, a necessity to determine a vector K of 

approximation factors constitutes a disadvantage of this method, as it may be rather 

time-consuming for large data sets. 

As I observed, there is a relation between the radial base function method and 

the Shepard method. If we identify a base function, occurring in the radial base function 

method, with a weighting factor of the Shepard method, we can denote, in accordance 

with (6.12): 

  
k

kkwcu xx)(   (6.21) 

and in accordance with (6.14): 

 
k

kmkm wcu  , (6.22) 

where m is an index extending the same K values as k. 
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The formula (6.21) is consistent with a Shepard form of the approximation 

function (6.5): 
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when assuming weighting factors ek(x): 
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where l is a subsequent index of approximation values. 

Therefore: 
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where: 
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Therefore, comparing (6.22) and (6.24), we demand to: 
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As presented, this equation is similar to the equation (6.22): 

 
k

kmkm wcu  , 

used to determine weighting factors (base functions) in RBF method. 
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Hence, the radial base function method may be recognized as a generalization of 

the Shepard method, even though a closer link between the two of them, both in terms 

of corresponding algorithms and in a semantic sense, requires further research.
17

 

6.4 Weighting factors in the Shepard method, in the Shepard-Liszka method 

and in the Radial Base Function Method 

A number of possible base functions (weighting factors) (r) is in fact unlimited, 

but the most commonly used forms [Hjelle 1996, Kansa 1999, Dyn 1993, 

Wendland 1981] include the following: 

1.  linear or linear spline: 

 (r) = r ,  (6.27) 

2.  cubic or cubic spline: 

 (r) = r
3
 ,  (6.28) 

3.  thin-plate spline [Duchon 1977]: 

 (r) = r
2
 log r , (6.29) 

4.  gaussian: 

 (r) = exp(-r
2
) , (6.30) 

5.  Shepard (6.2): 

  



r

r
1

 . 

Many researchers [Wendland 1995, Wu 1995, Wu 1996] have indicated a 

possibility of application of base functions with compact support. In such a case, a 

matrix of a system of equations (6.15) or (6.20), the solution of which factors ck are 

determined from, is not only symmetrical and positive definite, but it is also sparse, 

allowing to apply fast iterative algorithms. Moreover, a representation of an 

                                                 
17

 Even though many of the currently used approximation algorithms is rather similar to 

each other [Łukaszyk 2000], I did not find a good paper describing these similarities and 

differences, that would be consistent in terms of applied nomenclature . 
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approximation function is then local in its character, thus numerical complexity of an 

approximation process is far simpler [Hjelle 1996]. 

Among local base functions, the following may be listed:  

6.  Wendland function [Wendland 1995]: 
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7.  Wu function [Wu 1996]: 
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8.  Iske function: 
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A support of these functions is an area around point 0 and a radius R, which constitutes 

a control parameter in this case. 

In the case of the radial base function method, taking the value of zero by 

Minkowski metric (r) for overlapping or close to each other points may lead to 

singularity or mis-conditioning of the matrix of a system [Hjelle 1996]
18

. In the Shepard 

method and in the Shepard Liszka method, an interpolation of a set of measurements 

constitutes a consequence of a singularity of a base function (6.2) for x = xk. 

In Hjelle work [Hjelle 1996], a control parameter (dataSeparation) has been 

applied that determines a minimal allowable distance between approximation points.  

                                                 
18

 That is why I did not manage to use in the paper [Polański et al. 2000] the radial base 

function method.  
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Drawbacks related to appearance of singularities may also be avoided by an 

application of the following functions :  

7. Liszka [Liszka 1984]: 

  
 


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

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r , (6.34) 

which particular forms are functions: 

7a.  multiquadratic [Hardy 1971] 

   22   rr , (6.35) 

7b.  inverse multiquadratic [Fang 1994] 
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7c.  polynomial 

   22   rr . (6.37) 

A common characteristic of the foregoing base functions is an application of a 

blur parameter . However, an appropriate selection of this parameter, not attributable to 

specific physical conditions, may cause some problems. In order to set a parameter , an 

additional criterion is usually needed, depending on physical conditions of analysed 

problems. One of the proposals include a criterion associated with an error of distance 

measurement [Karmowski 1999]. 

An application of a blur parameter aims at better approximation of a data set and 

better conditioning of an approximation algorithm, by diminishing adverse effects 

imposed on the metric by the first of its axioms (3.1). 

Therefore, a proposition arises to apply for this purpose a PM, which 

characteristic non- zero distance effect is somehow built into the operator.  

As one can note, an expression 22 r  in base functions (6.34) to (6.37) is 

characterized by properties similar to those of a probability metric – it is asymptotically 

converge to r for distant points, positive define and it takes the non-zero value (2
) for 

identical points (r = 0). 
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Then, instead of the factor (6.38): 
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the modified weighting factor take the form [Łukaszyk 2003]: 
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 , (6.39) 

where   k
pD xx,  denotes operator of PM for random vectors, for instance of (4.48) 

type, with components DND (X, Y) (4.15). Appropriate selection of PM is conditioned 

here to a deliberated approximation issue, and in particular to a type of distribution of 

measurement errors of approximation points and to their variance. 

Some base functions are presented for  = 1 and for Euclidean metric 

(   kdr xx,2 ) in fig. 13 (a) and for Euclidean probability metric (4.48) 

(
  kRRDr xx,
2

 ) in fig. 13 (b). These functions are characterized by spherical 

symmetry. In a case of affine spaces, it seems appropriate to use another factors r and . 

It may be applied to issues of anisotropic materials, particularly to approximation of 

physical fields in crystals or in composites. 

Above a certain value r, these functions are almost identical, but even a linear 

function loses its "linear" character for small distances. 
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 (a)  

(b)  

Fig. 13. Selected local base functions for x  [0, 1],  = 1,  = 1 with 

Euclidean metric (a) and PM of 
 2

RRD type ((4.48) from (4.25)) for s = 0.3 (b) 

polynomial f. 

multiquadratic f. 

inverse multiquadratic f. 

gaussian f. 

cubic f. 
linear f. 

polynomial f. 

multiquadratic f. 

inverse multiquadratic f. 
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cubic f. 
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6.5 Summary 

In this chapter, I described selected approximation algorithms for scattered data 

sets, that will be applied later in the dissertation. 

Many researchers dealing with these methods have demonstrated, among others, 

that:  

 taking the value of zero by Minkowski metric (r) for overlapping or close to each 

other points may lead to singularity or mis-conditioning of the algorithm 

[Hjelle 1996], 

 in the Shepard method and in the Shepard Liszka method, a consequence of a 

singularity of a base function (6.2) for x = xk is an interpolation of a set of 

measurements [Karmowski 1999] that is often adverse due to an inappropriate 

projection of an approximation function in areas between approximation points.  

As an antidote for those drawbacks, the following, for instance, has been proposed: 

 a control parameter, determining a minimum admissible distance between 

approximation points [Hjelle 1996], 

 an application of base functions with a compact support, 

 an application of a control blur parameter (that usually is to be selected by trial 

and error method). 

A new approach to the problem, which I propose in this dissertation, is an 

application of a probability metric, in a place of a Minkowski metric, which is selected 

depending on the specific approximation issue, which data constitutes results of the 

measurements. In such a case, a selection of an appropriate form of PM is conditioned 

on the observed distribution of measurement errors and its observed variance. The 

approach may be physically justified, because an application of PM enables to take into 

account information regarding measurement errors
19

. 

                                                 
19

 It is obviously possible to apply PM as an additional element of an approximation 

algorithm as well, that is a sort of a technical trick, similarly as to apply a parameter of a 

minimum distance or a blur parameter.  
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Chapter 7.  

Application of approximation methods using PM 

in numerical experiments  

In numerical experiments presented below, I applied approximation algorithms 

described in chapter 6 that have been modified by replacing an Euclidean metric of these 

algorithms with a probability metric operator. Aim of the experiments was to evaluate 

the effectiveness of the modified methods. 

The numerical experiments aimed particularly at approximation of a function in 

space 
2
: 

 
  
2

22cos1
),(



 yx
yxu


  , (7.1) 

which is rather favourable to approximation tests; for parameter   0, we receive a 

polynomial, and with an increase in parameter , it becomes increasingly corrugated. 

Fig. 14 presents an approximated function (7.1) for  = 6. 
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Fig. 14. Approximated function,  = 6 

I performed an approximation somewhat from an end; firstly, basing on a known 

form of a function, I generated a set of approximation values which I then randomly 

perturbed and, in the next step, I used both perturbed values as well as primary values 

for restoring an input function (7.1).  

In a square a  x  b  a  y  b of arguments of an approximated function, I 

generated K random approximation points rk = (xk, yk), for which I defined values of 

function - uk(rk) creating a primary approximation set Γ . 

In the next step, using a random-number generator with normal distribution 

(2.7), applying a method of distribution inversion, in accordance with distributions 
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I generated a set of K random approximation points 'kr  and, in accordance with a 

distribution: 
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K random approximation values 'ku  in those points, creating a second perturbed 

approximation set: 

   KkuΓ kk  1:','' r  . 

In order to make a degree of dispersion independent of an approximation area 

size and of a value of function in points of this area, I defined standard deviations sxy 

and su (perturbation factors) as: 

 absxy   , (7.4) 

minmax zzsz   ,  

where  and  are control parameters. 

Since approximation points and values of a set 'Γ  are dispersed around points 

and values of a set Γ  respectively, a set 'Γ  may be regarded as one of possible sets of 

realizations:  ',' kk ur  of random variables Rk’ and Uk’ with mean values rk and uk 

respectively and with distributions (7.2) and (7.3). Hence, it may constitute a set of real 

approximation data that have been derived from a certain experiment in the field of 

mechanics, for instance, a set of results of strain gauge experiments. Then, points 'kr  

define a position of strain gauges, and values 'ku  are measured strain values in these 

points. 

Each of the approximation methods presented in chapter 6 has been applied to 

perform four independent numerical experiments.  

1. Approximation based on a primary set Γ  with an application of: 

a) Minkowski metric, 

b) probability metric. 

2.  Approximation based on a perturbed set 'Γ  with an application of: 

a) Minkowski metric, 

b) probability metric. 
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I defined an overall approximation error as an average difference between 

approximated values and expectations: 
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where L denotes a number of approximated points. 

In order to generate surfaces presented in fig. 16, fig. 18 and fig. 23, I used 

Matlab as well as algorithm of the surface visualization for irregular mesh nodes [Using 

MATLAB Graphics 1999]. 

7.1 Shepard approximation from PM 

In the first experiment, in order to define a value in approximated points, I 

adopted a classical form of the Shepard (6.5) (chapter 6.1). Modification of the method 

included a replacement of the factor (6.2): 

  
  k

pk
d

w
xx

x
,

1
  

with a factor (6.39): 
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Since perturbed approximation points of a set 'Γ  have been perturbed around 

primary values in accordance with normal distribution (7.2), and since a metric in the 

weighting factor (6.39) defines a distance between an approximated point (a point with a 

known value, that is an exact variable) and an approximation point (a realization of a 

random variable), I used in the factor (6.39) PM of DND
(p) 

type (X, Y) ((4.48) with 

components DND(X, Y) (4.15)). 

7.1.1 Shepard approximation for a primary set 

Dozens of conducted pairs of experiments for a primary set (), that is for an 

approximation with the factor (6.2) and for an approximation with the new factor (6.39), 
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have demonstrated that, for various sets of control parameters , , , p while 

maintaining the same set within each pair, for p  2, an approximation accuracy does not 

depend on a rank of a metric. 

In fig. 15 and in fig. 16 I presented results of one of tests that I conducted 

adequately along L points of a diagonal of an approximation square a  x  b  a  y  

b and for randomly selected L points on the entire surface of a square (L = 200). 

Approximation parameters were defined adequately as:  = 6, K = 300,  = 8, 

 =  = 0.045 and p = 2. 

 

Fig. 15. Classical and modified Shepard approximation along a diagonal  

of an area [0, 1] x [0, 1], based on a primary approximation set 

The corresponding curves and surfaces in fig. 15 and fig. 16 are visibly smoother 

in the case when a weighting factor with PM is applied, although an overall 

approximation error is, in such a case, rather low and comparable for both methods. 

Such error equalled Esh = 0.227 % for the Shepard method with the factor (6.2) and 

EshM = 0.228 % for the Shepard method with the factor (6.39). 

original values 
classical approximation 
modified approximation 
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 (a)  

(b)  

Fig. 16. Approximation based on a primary approximation set : 

(a) classical Shepard approximation, (b) Shepard approximation with PM  
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In the above test group, known points and corresponding values of an 

approximated function (a primary set) constituted an approximation set, hence a 

deviation s, that occurred in the factor (6.39) was only an additional control parameter 

of an approximation process and it was not, in any way, related to a distribution of 

errors of approximation points, because the perturbation factor sxy (7.4) yield zero in this 

case. 

7.1.2 Shepard approximation for a perturbed set  

In the second test, I conducted an approximation basing on a perturbed 

approximation set ’ and applying the same as above weighting factors (6.2) and (6.39). 

Similarly as in experiments described in the previous chapter, I performed 

dozens of experiments for various control parameters , , , p, wherein in each of them 

I used the same set of parameters for classical as well as for modified method.  

In a number of cases, besides experimental data, we also have some data 

concerning a distribution of measurement errors, for instance, a type of error distribution 

and its variation, wherein this information is usually ignored in the approximation 

algorithms used. In order to model a situation, when besides an experimental data set, 

we also have some data concerning an error distribution, and to use such data, PM 

parameter s in the factor (6.39) equalled to a perturbation parameter, that is to a 

deviation sxy of a distribution of a perturbation of approximation points (7.2). 

Fig. 17 and fig. 18 present results of one of the experiments. Approximation 

parameters are here defined identically as in experiments for a primary data set, that is: 

 = 6, K = 300, L = 200,  = 8,  =  = 0.045, p = 2. 

An approximation error (7.5) for this experiment yields Esh  = 0.495 % for a 

classical form and EshM  = 0.374 % for a form with PM (6.39). 

In such a case, both points and their corresponding values constituting a base for 

an approximation process were scattered around arguments and values of an 

approximation function. This is a case most often found in real issues. As it may be 

noticed in fig. 17 and fig. 18, the classical Shepard method, basing on misinformation 
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about an approximated function, failed to restore its shape well; a measurement error 

was also significantly lower.  

 

Fig. 17. Classical and modified Shepard approximation along a diagonal 

of an area [0, 1] x [0, 1], based on a perturbed approximation set ’, 

 = 6, K = 300,  = 8,  =  = 0.045, p = 2 

I conducted the experiments for other values of PM parameter as well, but I 

obtained the best results when the parameter was close to a perturbation parameter. 

original values 
classical approximation 
modified approximation 



- 76 - 

(a)   

(b)  

Fig. 18. Approximation based on a perturbed approximation set ’: 

(a) classical Shepard approximation, (b) Shepard approximation with PM 
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An effect of an approximation enhancement occurred also in such situations, 

when a parameter sxy was significantly lower than an average distance between 

approximation points. Even though in such a case, a probability metric is reduced to a 

classical metric, let us notice that short distances may appear in approximation process 

between approximated points and approximation points that constitute a base of 

approximation algorithm, and hence, a non- zero distance effect, characteristic for a 

probability metric, occurs here. 

7.2 Shepard approximation with PM  

for approximation points and values 

The functional forming a base for the Shepard approximation (6.1): 
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enables to apply the metric operator also for a determination of a distance of 

approximation points uk, if an expression (u - uk)
2
 is treated as a square of a one- 

dimensional metric. 

Therefore, I defined the following functional that constitutes a certain 

generalization of the functional (6.1): 
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When a concrete form of a probability metric, for instance of DND type, is 

adopted, a minimization condition 



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ux
 leads to an implicit equation: 

   0,,,,,  ukxyk suusxx , (7.7) 

from which an explicit form of an approximation function cannot be determined. 

Therefore, I determined values in approximation points, for each approximation point, 

with the use of a bisection method. 
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Comparing the functionals (6.1) and (7.6), one may notice that when a 

perturbation of approximation values does not occur (su = 0), the functional (7.6) is 

reduced to the Shepard method with the known factor (6.2) for sxy = 0 and to the 

modified Shepard method with the factor (6.39) for sxy  0. Hence, an interesting 

situation is when such a perturbation does occur (su  0). 

However, basing on analysis of the conducted numerical experiments, it turned 

out that when only approximation values were perturbed (sxy = 0, su  0), and hence, the 

probability metric between approximation and approximated points DND
(p)

(x, xk) in the 

denominator of the functional (7.6) was reduced to Minkowski metric d
(p)

(x, xk), then 

the results and the overall approximation error were identical, in terms of accuracy of 

controlling parameters in a bisection method, to the results obtained in the classical 

Shepard method. This occurred both in the approximation based on a primary set  and 

in the approximation based on a perturbed set ’. 

On the other hand, when also locations of approximation points were perturbed 

(sxy  0, su  0), the results and the overall approximation error, both for a primary set  

as well as for a perturbed set ’, corresponded with the results obtained in the modified 

method with the factor (6.39). 

Consequently, an introduction of PM for random vectors for determining a 

distance between approximation points to the functional (7.6) does not lead to a creation 

of a new algorithm, but it shall rather be associated with the Shepard approximation 

with the factor (6.2) or (6.39). 

7.3 Shepard- Liszka approximation with PM 

In the second, and in fact in the third group of numerical experiments, I applied 

the Shepard- Liszka method described in chapter 6.2 with an extension of an 

approximation function in a Taylor series of a second rank (6.8). Similarly as in the 

previous chapter, I adopted the weighting function (6.2) for the classical form and (6.39) 

for the form with PM. 
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7.3.1 Shepard- Liszka approximation for a primary set  

In order to provide an additional possibility of comparison of the results obtained 

in the Shepard- Liszka method with the results of the approximation experiment in the 

Shepard method that I presented in the previous chapter, I applied the same set of 

control parameters , , , p. The overall approximation error yield to Eshl = 0.037 % 

for the factor (6.2) and EshlM = 0.048 % for the factor (6.39). 

Similarly as previously, I conducted the experiment adequately along a diagonal 

of a square a  x  b  a  y  b as well as for a randomly selected points on the entire 

surface of a square. Its results for the approximation along a diagonal of a square a  x  

b  a  y  b are presented in fig. 19. 

 

Fig. 19. Classical and modified Shepard- Liszka approximation along a diagonal 

of an area [0, 1] x [0, 1], based on a primary approximation set , 

 = 6, K = 300,  = 8,  =  = 0.045, p = 2 

As one may notice, the application of PM did not result in the enhancement of 

accuracy and quality of the approximation. Nevertheless, it shall be highlighted that, for 

original values 
classical approximation 
modified approximation 
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a comparison of the Shepard and the Shepard- Liszka method, all control parameters 

yielded values determined in chapter 7.1, wherein as it turned out, an adoption of other 

values enhanced accuracy and quality of the approximation in the conducted numerical 

tests.  

7.3.2 Shepard- Liszka approximation for a perturbed set  

In the second test of this group, I performed the approximation basing on a 

perturbed approximation set ’ and applying the same as previously forms of the 

weighting factors (6.2) and (6.39). 

Similarly as in the test for a primary set, the same set of control parameters , , 

, p has been applied, and PM parameter s in the factor (6.39) equalled to a perturbation 

factor sxy. 

The results of this experiment are presented in fig. 20. The approximation error 

yield Eshl = 0.693 % for the factor (6.2) and EshlM = 0.458 % for the factor (6.39). 
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Fig. 20. Classical and modified Shepard- Liszka approximation along a diagonal  

of an area [0, 1] x [0, 1], based on a perturbed approximation set ’, 

 = 6, K = 300,  = 8,  =  = 0.045, p = 2 

Although the approximation error was only slightly lower than in the classical 

Shepard method (chapter 7.1.2), when comparing fig. 17 and fig. 20, a clear 

enhancement of the quality of the approximation, in comparison with the Shepard-

 Liszka method with Minkowski metric and with the Shepard method with PM, may be 

noticed. It is clear that the Shepard- Liszka method allows to achieve local extremes of 

the approximated function.  

Summarizing, it should also be mentioned that control parameters  = 8, 

 =  = 0.045 and p = 2 were determined once for the Shepard approximation and for 

the primary approximation set  (chapter 7.1.1), and therefore there is a possibility of 

comparison of the approximation results presented in fig. 15, fig. 17, fig. 19 and fig. 20 

respectively with the results presented in fig. 16 and fig. 18. 

original values 
classical approximation 
modified approximation 
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7.4 RBF approximation  

Among the commonly used radial functions, I have focused here on global 

functions, that is linear (6.27), cubic (6.28), thin-plate spline (6.29), gaussian (6.30), 

multiquadratic (6.35), inverse multiquadratic (6.36) and polynomial (6.37) functions. 

Since the number of these functions and control parameters associated with them is 

quite large, I only verified some of the possible combinations. During the conducted 

numerical experiments, the application of probability metric enhanced the accuracy of 

the approximation when gaussian (6.30) and inverse multiquadratic (6.36) function were 

used. As showed in fig. 13, the common feature of these functions is a clear decrease in 

the value with an increase in the argument. I performed the numerical tests presented 

below for an inverse multiquadratic function and for an extended radial base function 

method of (6.16) type. 

7.4.1 RBF approximation for a primary set 

The results of one of the performed tests are presented in fig. 21. In this case, for 

parameters  = 6, K = 100, L = 200,  = 0.9,  =  = 0.01, p = 2 and the approximation 

error yielded Erbf  = 0.005 % when Minkowski metric was used and Erbfm = 0.431 % 

when PM of type DND
(p)

(X, Y) and s = 0.002 was used. 
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Fig. 21. Classical and modified RBF approximation along a diagonal of an area 

[0, 1] x [0, 1], based on a primary approximation set , 

 = 6, K = 100, L = 200,  = 0.9,  =  = 0.01, p = 2, s = 0.002, 

inverse multiquadratic function 

As shown, in a case of a set of exact approximation values, the application of 

PM constitutes only the additional perturbation that weakens the regularizing properties 

[Osowski 1996] of the interpolation of radial base functions.  

7.4.2 RBF approximation for a perturbed set  

Interesting results were obtained during the experiment with the use of the same 

control parameters as in chapter 7.4.2, but when the perturbed values set ’ constituted a 

base for the approximation. The approximation error yielded Erbf = 1.692 % for the 

classical method and Erbfm = 0.464 % for the method with the probability metric.  

In this case (fig. 22 and fig. 23), the application of PM significantly enhanced the 

quality of the approximation. Although the approximation curve is not smooth, it 

reflects the shape of the approximated function much better. 

original values 
classical approximation 
modified approximation 
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Fig. 22. Classical and modified RBF approximation along a diagonal of an area 

[0, 1] x [0, 1], based on a primary approximation set ’, 

 = 6, K = 100, L = 200,  = 0.9,  =  = 0.01, p = 2, s = 0.002, 

inverse multiquadratic function 

The method of approximation with the use of radial base functions is so wide 

that it is difficult to determine now, with the certainty, for which base functions and 

control parameters the use of the probability metric will positively influence the 

approximation process.  

 

original values 
classical approximation 
modified approximation 
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(a)   

(b)  

Fig. 23. RBF approximation based on a perturbed approximation set ’: 

(a) classical RBF approximation, (b) RBF approximation with PM 
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7.5 Summary 

I illustrated the approximation error for the numerical experiments presented 

above in a table below. The underlined values denote the approximation error for the 

perturbed set. In all cases, it was significantly lower when PM was used, regardless of 

the adopted approximation method.  

 

Approximation 

type 

Set Approximation parameters Approximation error 

Minkowski PM 

Shepard   = 8, 

 =  = 0.045, 

p = 2 

0.227 % 0.228 % 

’ 0.495 % 0.374 % 

Shepard-Liszka  0.037 % 0.048 % 

’ 0.693 % 0.458 % 

RBF   = 0.9,  =  = 0.01, p = 2, 

inverse multiquadratic f. 

0.005 % 0.431 % 

’ 1.692 % 0.464 % 

 

Hence, it may be concluded that:  

 the application of PM enables to include information that is provided by the 

distribution of the measurement errors, directly in the approximation algorithm, 

 the application of PM provides the additional approximation parameter 

(compare: Liszka factor (6.34) or radial base functions (6.35) to (6.37)). 

The numerical experiments confirmed effectiveness of the developed computer 

methods, wherein results generated in the Shepard and the Shepard- Liszka method for 

the perturbed set and with the application of PM were in every case better than the 

results obtained when Minkowski metric was applied, regardless of the selection of the 

control parameters. In the experiments presented in chapter 8 and chapter 9, I focused on 

the Shepard- Liszka method. 
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Chapter 8.  

Application of approximation methods with PM in 

strain gauge analysis – residual strain analysis of 

a railway rail  

Strain gauge methods are a primary way to determine strain of selected points on 

a surface of an object with the use of strain gauges attached in these points. The most 

commonly used type of strain gauges are electric resistance wire strain gauges that use a 

phenomenon of a linear correlation between a change in resistance and a strain. The 

electric resistance wire strain gauges enable to determine both static and dynamic 

strains, they may be used in places with a difficult access and they may be characterised 

by a great accuracy. However, their disadvantage is a high price in comparison with a 

one-off application and a possibility of detachment from an object’s surface. These 

drawbacks may cause that strains measured by some strain gauges are significantly 

different from real values. It is highly probable in a case of a complex experiment that 

applies a great number of strain gauge measurement points. 

In this chapter I used results of strain gauge experiments, conducted by 

J. J. Groom in a laboratory in Batelle, USA [Groom 1983], that aimed at defining a 

residual strain field of an exploited railway rail. The experiments were performed for 

several railway rail samples taken from railway tractions with various traffic and various 

tonnage of traffic. I only considered one of the cases described in the cited paper  

[Groom 1983]. 
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Numerical experiments that were conducted by me aimed at application of the 

Shepard-Liszka method with PM for the approximation of a strain field, as a procedure 

of a mutual correction enhancing reliability of obtained results. I compared the obtained 

results with the results of the analogical Shepard-Liszka method with the Minkowski 

method [Łukaszyk 2003]. 

I concisely described below the experimental measurement procedure presented 

in the cited paper [Groom 1983] in order to introduce it to numerical approximation 

experiments, in which I used the results of these studies.  

8.1 Description of the measurement procedure  

A sector of a rail of a length L, taken from a location of a rail that is remote from 

junctions of this rail with neighbouring rails, was used for measurements, assuming that 

it will describe a comprehensive state of residual strain that exists at any given point of 

this rail. As shown in fig. 24, the sector was divided into two smaller elements: a 

Yasojima-Machii plate and a Meier sector. Thickness of the first of them was much 

smaller and length of the second one was substantially greater than a transverse 

dimension of the rail. 

During experimental tests, one of the headwalls of the Yasojima-Machii plate was 

polished and then it was divided into a rectangular grip. In each element of the grid, a 

tri-axial strain gauge rosette was attached, oriented with respect to the adopted 

coordinate system x-y. Location of strain gauges is presented in fig. 25. Most strain 

gauge rosettes were attached in an area of a rail head, because it resulted from the 

previously conducted experiments that residual strains in a rail flange and a semi- beam 

are relatively small.  

The rosettes were made to zero and then cut into cubes in accordance with the 

adopted grid. In the next step, a strain for each rosette in individual areas x-y, associated 

with the cutting process, was determined. It was assumed that the cut-out element is so 

small that it can be regarded as free from the residual strains. 
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Fig. 24. A sector of a rail for strain gauge experiments. 

 

Fig. 25. Location and numbering of strain gauges 

In order to determine strains released by cutting the Yasojima-Machii plate out, 

the rail section was divided by the rectangular grid, marking the grid meshes, and then 

in accordance with them, it was cut into bars of equal length.  

Meier sector (2)  

stamps  

cutting lines  

Yasojima-Machii plate (1)  
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The strain measurements of the Yasojima-Machii plate, and the measurements of 

the relative change in the length of the Meier bars enabled to determine the strain field 

in the rail. The results of the experiments for two hundred and five measurement points 

were presented in the cited paper [Groom 1983] in a tabular form, with individual 

columns denoting a number of a strain gauge, strain gauge coordinates x, y, principal 

stresses 1, 2 and z, and a stress angle . 

8.2 Approximation methods 

Data from the first 172 strain gauges constitutes a base for the approximation, 

because, as it resulted from Groom’s research, the highest strains occurred in a railway 

head. The numeration of strain gauges and the adopted coordinate system is presented in 

fig. 26. 

I conducted numerical experiments along the section and for the entire area of 

the rail head, applying Matlab programme for a graphical representation of the results. 

For approximation I applied the Shepard-Liszka method with the 6-expression 

extension, described in chapter 6.2. I conducted the approximation independently for the 

weighting factor (6.2) and for the weighting factor (6.39), where I applied PM of (4.48) 

type which components for individual coordinates x and y were PM DND (4.15) with 

parameter s = 5 mm. Adoption of PM for a normal distribution resulted from the 

adopted distribution of attachment errors of individual strain gauges. 

8.3 Results 

Fig. 27, fig. 28 and fig. 29 present the distributions of stresses 1, 2 and z 

along the section of the rail for the straight line y = -13 mm (0.5 inches in fig. 26). The 

black curve represents the results obtained by the Shepard-Liszka method with the 

factor (6.2), while the red curve represents the use of the factor (6.39). The remaining 

control parameters were the same for both factors:  = 8, p = 2. 
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Fig. 26. Strain gauges used in approximation procedure 

Fig. 30, Fig. 31 and Fig. 32 present the distributions of principal stresses for the 

entire rail head in the bit-mapped view. The approximated strain field is significantly 

smoother for the approximation with the use of PM.  

 

Fig. 27. The distribution of the principal stress 1 along the straight line y = -13 mm 

Shepard-Liszka approximation 

modified Shepard –Liszka approximation 
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Fig. 28. The distribution of the principal stress 2 along the straight line y = -13 mm 

 

Fig. 29. The distribution of the principal stress z along the straight line y = -13 mm 

Shepard-Liszka approximation 

modified Shepard –Liszka approximation 
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 (a)  

(b)  

Fig. 30. The distribution of the principal stress 1 [MPa] for the entire rail head surface . 

(a) Shepard-Liszka method, (b) Shepard-Liszka method with PM of type 
   kNDD xx,
2
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(a)  

(b)  

Fig. 31. The distribution of the principal stress 2 [MPa] for the entire rail head surface. 

(a) Shepard-Liszka method, (b) Shepard-Liszka method with PM of type 
   kNDD xx,
2
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 (a)  

(b)  

Fig. 32. The distribution of the principal stress z [MPa] for the entire rail head surface. 

(a) Shepard-Liszka method, (b) Shepard-Liszka method with PM of type 
   kNDD xx,
2
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8.4 Summary 

The aim of the approximation methods was to restore a field of residual strains 

of principal stresses in the rail head, basing on the known values of principal stresses in 

adopted points of the rail section, derived from data obtained from strain gauges located 

in the area of Yasojima-Machii  plate and from measurements of individual bars cut out 

of the Meier section. 

One may observe that in every case, the approximation curve or the surface 

obtained when PM is used is significantly smoother than its corresponding curve or 

surface obtained with the use of the Shepard-Liszka method with Minkowski metric. It 

is difficult to define appropriate criterion of the approximation error because, in contrast 

to the numerical example described in chapter 7, we do not know, in this application of 

approximation methods, the form of approximated function that is demanded strain 

field. However, assuming the isotropy and the homogeneity of the rail’s metal, one may 

conclude that the approximation with the factor (6.39) and PM of (4.48) type enables to 

receive the results that are closer to reality. Sharp vertexes generated in the Shepard-

Liszka method with the factor (6.2) are rather questionable.  

It is worth mentioning that: 

 The strain gauges were located on the rail cutting surface during an experiment, 

so their real and assumed positions were different. It is likely that some of the 

one hundred and seventy two strain gauges (only in the area of the rail head) 

were located in positions far different to presumed ones. 

 Indicated stress values were also burdened with some experimental error, 

resulting, for instance, from a malfunction of certain strain gauges. 

 The measurement error was also associated with the measurements of a distance 

of individual bars of the Meier section. 
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Chapter 9.  

Application of approximation methods with PM in 

elastooptics - isochromatic field analysis  

One of the most important methods of stress analysis is an elastooptic method 

for determining stresses. It is most often used in model tests and it includes placing a 

generally flat model of a test object made of an isotropic, transparent material having 

characteristics of a forced optical anisotropy, in a so-called polarizer, where a polarized 

light stream is transmitted through a loaded test object. The result is an image of certain 

trajectories associated with the state of stress and with their distribution [Orłoś 1977]. 

In a diploma work of Lenczowski [Lenczowski 2001], elastooptic measurements 

of two flat disks loaded axially were performed. Photos of this objects constituted an 

input material for presented approximation methods that aimed at restoring a 

comprehensive isochromatic field. 

Similarly as in a case of the approximation of residual stress field presented in 

the previous chapter, numerical experiments conducted by me aimed at enhancing 

reliability of approximation through examining individual isochromes as random 

variables with standard deviation proportional to an isochromes’ width in a given point.  
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9.1 Description of the measurement procedure  

In one of the experiments, two disks with a diameter of 100 mm and a thickness 

of 10 mm, made of Epidian 45, and characterized by physical constants E = 2800 MPa 

and  = 0.3 were used. One disk had a hole with diameter 30 mm. Both disks were 

loaded by an axial force of 3420 N for the solid disk and 720 N for the disk with a hole. 

Isochromatic fringe pattern that was received in a polarizer is pictured in fig. 33. Tables 

of grey distributions corresponding to these bitmaps constituted preliminary input data. 

9.2 Approximation methods 

In order to better prepare input data, I decided to include additional information, 

that is a width of an isochrome fringe, during the approximation. I have had in mind that 

the width is not constant for individual fringes and it is neither constant within the 

fringe.  

For the approximation that aimed at restoring an isochromatic field, I applied the 

modified Shepard-Liszka method with PM and the factor (6.39): 

     k

p

ND

k
D

w
xx

x
,

1
 , 

wherein I compared the obtained results with the results of the approximation from the 

typical Shepard-Liszka method with the factor (6.34): 

  
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In the factor (6.39) I applied PM of (4.48) type, which components for individual 

coordinates x and y are PM DND (4.15) with the parameter s depending on the fringe 

width in a given approximation point. Adoption of PM form for a normal distribution 

resulted from a postulated grey distribution in a given point. 
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(a)  

(b)  

Fig. 33. Elastooptic fringe pattern of two flat disks loaded axially  
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 (a)  

(b)  

Fig. 34. Sets of probabilistic measurement points for a solid disk (a) 

and for a disk with a hole (b). Centres of the circles denote a mean value, and radiuses 

denote a standard deviation 
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Because of a disk’s load mode, I analysed a grayscale table along horizontal 

lines, using a rather simple algorithm of generation of approximation points grid, 

wherein each point was regarded as a random variable with a mean value mx in a centre 

of an isochromatic fringe and with a standard deviation s that is proportional to a 

fringe’s width in this point. 

As a result, I received two sets of probabilistic approximation points, which 

graphic representation is presented in fig. 34. Radiuses of circles are proportional to a 

standard deviation, and centres correspond to a mean value of a given approximation 

point. 

These sets enabled to assign, to each of the measurement points, an adequate 

blur parameter corresponding to an isochromatic fringe’s width in that point, instead of 

a global parameter . In the approximation process, this parameter was substituted, for 

each of the K approximation points, for  in the factor of (6.34) type and for s in the 

factor of (6.39) type. 

I assigned corresponding values of isochrome’s rank to individual approximation 

points in an iterative way „by hand”, on „assign and verify” base, through direct edition 

of data files. 

9.3 Results 

Results of one of the numerical experiments are presented in figures below, for 

 = 0.5. The approximated isochromatic field in a bit-mapped view for a solid plate, 

received by the use of the Shepard-Liszka method with the factor (6.34) (fig. 35 (a)) and 

with the factor (6.39) (rys. 35 (b)) is presented in fig. 35, while the approximated 

isochromatic field for a plate with a hole is presented in fig. 36. The results of 

approximation are presented on the cross-sectional diagrams in fig. 37 and fig. 38, for a 

solid disk and for a disk with a hole respectively. 
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 (a)  

(b)  

Fig. 35. Approximated fringe pattern for a solid disk 

(a) Shepard-Liszka approximation (b) Shepard-Liszka approximation with PM 

Shepard-Liszka, classical 

Shepard-Liszka, probability metric 
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(a)   

(b)  

Fig. 36. Approximated fringe pattern for a disk with a hole 

(a) Shepard-Liszka approximation (b) Shepard-Liszka approximation with PM 

Shepard-Liszka, classical 

Shepard-Liszka, probability metric 
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(a)  

(b)  

Fig. 37. Approximated isochromatic fringe pattern field for a solid disk  

Shepard-Liszka method (a) along axis y = 0, (b) along axis x = 0 

Shepard-Liszka, classical 

Shepard-Liszka, probability metric 
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(a)  

(b)  

Fig. 38. Approximated isochromatic fringe pattern field for a disk with a hole  

Shepard-Liszka method along axis y = 0 (a) and along axis x = 0 (b) 

Shepard-Liszka, classical 

Shepard-Liszka, probability metric 
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9.4 Summary 

The application of PM in the weighting factor (6.39) resulted, in this case, in 

only slight enhancement of quality and accuracy of approximation, in comparison to the 

approximation with the known factor (6.34). Both factors enable to control 

approximation parameter, but in the factor (6.34) parameter  is adopted a priori and a 

precise method of its selection does not exist. One possibility is to insert a mean value 

of an isochromatic fringe’s width in a place of . 

In the case of the factor (6.39) with PM, it is also possible to adequately select a 

distribution of probability density. In this case, I adopted the normal distribution with 

PM of (4.15) type with the parameter s depending on the fringe’s width in a given 

approximation point, which may have not accurately reflected a cross-section of an 

isochromatic fringe (compare for instance fig. 40). Moreover, some difficulties occurred 

that were associated with the resolution of a photogram and that resulted from the 

quantum effects of the fringe blur in some of its areas.  

Therefore, in order to analyse the elastooptic photograms more precisely, the real 

grey distribution of an isochromatic fringe should be included. The next chapter 

deliberates this issue. 
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Chapter 10.  

Algorithm of approximation of interference 

fringes  

Another group of optical techniques that are used in experimental mechanics are 

methods of optical interferometry such as interferometry moiré, holography or speckle 

interferometry. This techniques are generally applied to measurements of field of image 

shapes’ displacements, although thanks to the information obtained from measurements 

of field of displacements, using numerical differentiation, one may determine 

deformation of a test object in an easy way. 

The first step in each of the above methods is an illumination of the surface of a 

test object with a carrier beam. The carrier is a known signal that is to be modified due 

to changes in a surface of the object. In a case of the holographic interferometry, the 

characteristic, speckled distribution obtained, results from the interference of the carrier 

reflected from a modified object, for instance the deformed one, with the carrier 

reflected from the original object, wherein a coherent, monochromatic laser light is used 

as the carrier. Since each fringe is located above such object points that have equally 

moved, the fringes are often called isoteic lines or lines of fixed displacement. 

Unfortunately, in practical applications, fringe patterns, usually presented in a 

digital way, by a distribution bitmap, are characterized with a significant level of local 

noises, changes in background brightness, changes in first harmonic amplitude and 

perturbations of fringes’ shape [Sciammarella 2003]. These perturbations are largely due 
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to the quantum uncertainty principle and thus they may not be avoided by the 

application of more precise methods or experimental instruments. 

The traditional and simultaneously the simplest method of the image brightness 

analysis is the manual identification and alignment of the centres of individual fringes. 

The drawback of this method is the fact that the identification of the fringes’ centres 

greatly depends on the experience of the person that performs analyses. Another method 

includes the binarization of the fringe pattern bitmap, that is the replacement of the 

greyscale image with the black-and-white image for a certain threshold value, and then 

it includes the reduction of the width of adequate fringes. In this case, a great amount of 

information regarding interference fringes is loosed. Among other methods of fringe 

pattern analysis, one may mention a two- dimensional Fourier analysis, or a continuous 

wavelet transform (CWT) analysis [Morimoto, Imamoto 1995]. 

In fringe pattern analyses, digital filters are also applied, which in many cases 

operate similarly to digital photography filters. 

10.1 Description of the measurement procedure 

In the work of Feuer and Karmowski [Feuer, Karmowski 1982], interference 

images are presented that correspond to rigid movements of the object, being a brass 

plate constituting a component of a mechanical system. This images were received with 

the use of holographic interferometry technique, applying a method of double exposure. 

Moreover, the papers include analytical formulas enabling to approximately determine 

displacements of a test object together with the approximation of errors between real 

fringes’ shape and lines determined by analytical formulas. 

Fig. 39 shows how to attach the object to the measuring stand which 

construction enabled to move and rotate the object along and around the axis x, y, z. 
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Fig. 39. Sketch of the measuring stand, the test object and  

the adopted coordinate system  

The following part of the chapter includes a description of the numerical 

experiment that I conducted on the basis of interference images presented in the cited 

work [Feuer, Karmowski 1982]. The aim of the experiment was to determine the actual 

shape of interference fringes. 

10.2 Fringe search algorithm  

Unlike most applied algorithms of fringe approximation that include analysis of 

the entire greyscale bitmap (including the approximation algorithm used by me, as 

discussed in chapter 9), for searching the fringe’s crest, I decided to apply an iterative 

algorithm. 

The commencement of the algorithm performance was to load a bitmap of the 

analysed interference image Ω with dimensions maxmax ,0,0 yxx . Since the subject of 
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the analysis included individual interference fringes, I was giving a start point (x0, y0) 

and a subsequent point (x1, y1) for each of them, trying to have both points located 

within the analysed fringe. The aim of the algorithm was to generate consecutive fringe 

points that are equidistant from each other by a certain value r that constituted an 

operating parameter of the algorithm or that was defined by me as: 

    201

2

01 yyxxr   . 

I assumed that each iteration step includes determination of a greyscale distribution 

 F  (interference distribution) across the section of the fringe, for a certain given 

searching arc φ:  

 passing through a subsequent, searched fringe point (xn, yn), 

 symmetric with respect to the section joining this point with the previous point 

(xn-1, yn-1), 

 with an angular width of 2~  and 

 a density of Δφ. 

The angular width of 2~  and the fringe density of Δφ were common to the entire 

algorithm and they were set at the very beginning of its work. 

Subsequently, I assumed that the greyscale distribution  F , after the 

normalization:  

         FFf . 

for the distribution  f  determines the distribution of probability density (more 

precisely: probability, since an issue is discrete) of occurrence of an interference of 

waves corresponding to various states of a test object that I considered as a random 

variable. This approach allowed to include an actual distribution of grey of an 

isochromatic fringe at every step of the iteration. 

Since the subsequent iteration point may be, in polar coordinates, expressed as: 

  nnn rxx cos1    ,  

  nnn ryy cos1  
 , 
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the value φn remains to be determined, which specifies the slope of the fringe line, 

defined by me as: 

     


,min fDn   . (10.1) 

Another fringe point, determined on the basis of the criterion (10.1) shall therefore 

constitute the point closest to the distribution  f  in terms of the probability metric. 

This criterion seemed appropriate to me due to the fact that the fringe was considered as 

a random variable – by application of the probability metric, I received the point that 

shall be located as „the closest” to the fringe that is in fact in a position of the most 

probable interference of the progressive wave with the carrier. 

The example of the density distribution on the searching arc is presented in 

fig. 40, and two primary algorithm iterations are presented in fig. 41. 

 

Fig. 40. Density of interference distribution  F  and its closest point φn 

The subsequent step of every iteration included the determination of the new 

searching arc: 
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 φ = φn - ~ , φn - ~ + Δφ,…, φn + ~ , 

and corresponding bitmap pixels: 

         nn yryxrxyx    sinfix,cosfix:, , 

that constituted a base for the subsequent interference distribution     yxF , , 

wherein points that were located outside the bitmap were cut: 

 maxmax,00 xxxxxx   , 

 maxmax,00 yyyyyy   . 

 

Fig. 41. Two primary steps of the algorithm of the search of the fringe line  

As a criterion for the end of the iteration for a given fringe I adopted the crossing 

of the plot of the fringe line:  

     ryyxxni inin 
22

:1  

or the exit of the subsequent point of the fringe line outside the bitmap. 
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Fig. 42. Diagram of the iterative algorithm of the search of the fringe line 

Yes 

Yes 

Does the line intersect? 

Does the line go outside 

the image? 

1. Memorize the previous point 

2. Find the new fringe point 

Specify the new: 

- searching angle 

- searching arc 

- distribution in arc points 

Specify the new starting point 

Load the bitmap of  

the greyscale distribution 

Specify the radius 
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Block diagram of the algorithm described above is presented in fig. 42, and the 

Matlab script constituting an implementation of the above algorithm is included in 

annex B.3. 

The problem of finding the minimum value of PM may be reduced to the search 

of the minimum distance between the random variable X with the distribution f(x) and 

the exact variable Y with the distribution g(y) = δ(y - my), which in consequence reduces 

to the search of the adequate my. 

In accordance with (4.4), it may therefore be denoted: 
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 (10.2) 

because: 
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x dxxxfdxxxfm )()(  (10.3) 

and 
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dxxfdxxf )()(1  (10.4) 

Thus: 
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yy mm

yyx dxxxfdxxfmmmYXD )(2)(2),(  (10.5) 

Since we search my, for which D(X, Y) → min, therefore: 
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 (10.6) 

Finally: 



- 115 - 

 
2

1
)( 



ym

dxxf  (10.7) 

The above relations occur only when my is a median of the distribution f(x), 

which results, for instance, from the characteristics of distribution of variable X. 

Moreover, this relation is probably true for multivariate PM (4.39) and (4.48). 

Since, as shown in fig. 41, the greyscale distribution  f  is discrete in its 

character, the search of the subsequent iteration φn satisfies the relation: 

    nn ff  
2

1
. (10.8) 

There automatically arose a question if another values exist that might be better 

than the median in determining the subsequent fringe point. Such values could be, for 

instance, a mean value or a distribution mode on a searching arc  f . 

In fig. 43 and fig. 44, the results of three numerical experiments are presented, in 

which the consecutive fringe points were determined basing on median, mode 

(maximum value) and mean value of the distribution  f  on the searching arc, for the 

same radius value r = 30 (pixels). Remaining parameters were set as follows:  45~  

and Δφ = 5000  (density of the searching arc). 

The mode causes the highest local fluctuations and pitches of the mapped line; 

the fluctuations are slightly lower in the case of the mean value; whereas the line 

obtained by using the median restores the interference fringe most precisely. The 

differences between the application of the median and the mean value are obviously 

most visible when the distribution of the fringe grey (fig. 40) is asymmetrical 
20

. 

                                                 
20

 For symmetrical distributions the median coincides with the mean value (mx = me) 
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Fig. 43. Algorithm of the search of the fringe line for three various criterions of the selection 

of the consecutive fringe points: the median (med), the mode (max) and the mean value (mx) 

 
(a) 

 
(b) 

 
(c) 

Fig. 44. Algorithm of the search of the fringe line for three various criterions of the selection 

of the consecutive fringe points: the mode (a) and the mean value (b), the median (c) 
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Similar results were received independently on the adopted parameters of the 

algorithm work and what is more, the application of the criterion, basing on the mean 

value or the mode, often caused the mapped fringe line to „loose its track”, falling 

outside the fringe, or to „loop” within the local discontinuities that constituted, in this 

case, the structural holes in the plate. The adopted minimization criterion of the 

probability metric at every step of the algorithm ensured the most precise results.  

10.3 Results 

The results of the performed experiments are presented in fig. 45 to fig. 51. I 

determined the search radius for each experiment individually, because for its certain 

values the line „was losing its track” or it „was looping”
 21

 in local discontinuities. As it 

turned out, the best results were received when the radius r of each iteration step was 

comparable to the fringe width. In each case, I was always able to select such a value r 

that restored the fringe shape accurately. 

                                                 
21

 Similarly as in the game „snake” in NOKIA cell phones. 
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Fig. 45. Fringe distribution of the plate bent along the axis y (r = 5): (a) the distribution 

of grey bitmap, (b) the result of the algorithm work, (c) the results in the vector form  
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Fig. 46. Fringe distribution of the plate rotated around the axis x (r = 3): (a) the distribution 

of grey bitmap, (b) the result of the algorithm work, (c) the results in the vector form 
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Fig. 47. Fringe distribution of the plate moved towards the axis x (r = 8):  

(a) the distribution of grey bitmap, (b) the result of the algorithm work, (c) the results in 

the vector form  
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Fig. 48. Fringe distribution of the plate moved towards the axis z (r = 15):  

(a) the distribution of grey bitmap, (b) the result of the algorithm work, (c) the results in 

the vector form  
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Fig. 49. Fringe distribution of the plate moved towards the axis z with the slight change 

in the observation angle (r = 12): (a) the distribution of grey bitmap, (b) the result of the 

algorithm work, (c) the results in the vector form  
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Fig. 50. Fringe distribution of the plate rotated around the axis x and y (r = 3): (a) the 

distribution of grey bitmap, (b) the result of the algorithm work, (c) the results in the 

vector form  
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Fig. 51. Fringe distribution of the plate rotated around the axis y (r = 3): (a) the 

distribution of grey bitmap, (b) the result of the algorithm work, (c) the results in the 

vector form  
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10.4 Summary 

The presented above way of approximation of the holographic interference 

fringes constitutes a new, original method to approach this issue. Its advantages are:  

 low sensitivity to local discontinuities (e.g. structural holes in the plate) and 

 low sensitivity to local changes in fringe sharpness, associated with the 

resolution of photogram and with the fringes’ blur in its certain areas,  

 possibility of individual automated selection of parameters for iteration of each 

fringe, and even for each iteration step. 

In contrast to the known approximation algorithms that include the 

approximation of all bitmap points, or to the methods including the digital processing or 

combination of the image that usually skips a great amount of information associated 

with the quantum blur of fringes, this algorithm is iterative in its character and includes 

the approximation of the individual interference lines. This approach is also justified in 

the character of the fringes. They generally constitute curves that are either closed or 

trespassing beyond the area of the bitmap
22

. 

The obtained results are comparable to the results of the methods currently used: 

FTM (Fourier transform methods) [Morimoto 1994] or CWT (continuous wavelet 

transform) [Kadooka 2003], in which, due to the approximation of the entire area of the 

bitmap, results are not free from certain noises in the areas where the interference 

fringes did not occur. 

The automation of the algorithm undoubtedly requires further work. In the case 

of holograms with a large number of interference fringes, "manual" input of the starting 

points for each fringe may be troublesome. 

                                                 
22

 The holographic images of the objects with slots constitute an exception. However, in 

this case, it is also possible to incorporate into the algorithm an adequate termination criterion 

of approximation of a given fringe. 
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Chapter 11.  

Summary and directions for further work  

This paper presented operators of probability metric (PM) which arguments 

constitute random variables or vectors. PM constitutes a generalization of any metric 

operator on the sample space and its parameters are standard deviations of these 

variables or vectors. Each PM is reduced to its base metric for random variables or 

vectors described with Dirac pseudo-function. I introduced several forms of particular 

PM of continuous random variables for selected distributions of probability density. 

Since PM is constant for two random variables with known distributions of 

probability density, it may be regarded as the statistical parameter of these variables. If 

the distributions of random variables are not known, PM is an average distance of all the 

known pairs of realizations of these variables. This results in the characteristic for PM 

for random variables non- zero distance effect, which is local in its character and which 

disappears with the increase in the distance of mean values of random variables.  

This PM characteristic makes it particularly useful in the approximation 

applications, in which setting the Euclidean metric for overlapping points to zero may 

lead to the singularities or the mis-conditioning of the algorithm. 

The presented approximation experiments have demonstrated the PM usefulness 

in specific issues of experimental mechanics, especially in the strain gauge analysis and 

in the holographic interferometry. 
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The dissertation does not discuss PM applications for discrete variables and for 

correlated variables as well as the PM applications in issues outside the scope of 

technical sciences or issues not related to approximation. Undoubtedly, this paper is 

open in its character, and thus may be considered as a contribution for further work. The 

PM application in computer nanotechnology and further development of the algorithm 

of holographic fringes identification, presented in the previous chapter, seem to be of 

particular interest.  
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Chapter 12.  

Appendixes 

A Derivations of some PMs 

I presented below derivations of particular forms of one-dimensional probability 

metrics (4.3) discussed in chapter 4.1 for normal, exponential and uniform distribution.  

A.1 Derivation of PM for normal distribution  

PM for two random variables with normal distribution was the PM form that I 

had derived. I applied then the following technique that may also be used for other 

distributions of probability density.  

Since both random variables are described with normal distribution and are 

independent, their distribution of probability density may be denoted with the formula 

F(x, y) = f(x) g(y). This distribution is presented in fig. 52 in a bit-mapped view for such 

a case when standard deviations of these variables are equal.  
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Fig. 52. Probability density fxy(x, y) = f(x) g(y) for mx = 0 and my = 2 

Let us notice that if certain results of measurements x and y are equidistant from 

each other by a certain value , then they are located on straight lines y = x  . 

Moreover, the equidistant distances are symmetrical with respect to the straight line 

y = x. 

Symmetrizing with respect to this straight line, we obtain the function: 

 )()()()(),( xgyfygxfyxM   (A.1) 

Plane division: 

    yxyxS :,  (A.2) 

into two half planes: 

    yxxyxS :,1 ., (A.3) 

   xyxyxS  :,2  (A.4) 

enables to perform integration only in area S1 or S2. For the half plane S2 PM (4.3) takes 

the form: 
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),(),(  . (A.5) 

Transforming the system (x, y) by 45
0
 in such a way that axis ŷ  is parallel to the 

axis described with the straight line y = x, we obtain the system ( x̂ , ŷ ): 
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In fig. 53, the systems (x, y), ( x̂ , ŷ ) and the function M(x, y) are presented. 

 

Fig. 53. Probability density of random variable (X, Y) 

after symmetrisation with respect to the straight line y = x and the system ( x̂ , ŷ ) 

Making use of the relations (A.6) and changing the limit of integration, the 

formula (A.5) takes the form: 

  






 ydxdyxMxYXD ˆˆ)ˆ,ˆ(ˆ
2

1
),(

0

 (A.7) 

enabling to relatively easy, analytical derivation of a particular form of probability 

metric. 
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A.2 Derivation of PM for uniform distribution 

Let us recall that uniform distribution is described with the formula (2.9): 
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where mx denotes mean value, and s denotes standard deviation. 

In a case when one of the variables is an exact variable, we have: 
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(A.8) 

The possible cases of mutual distances of variables X and Y are presented in 

fig. 54. 

 

Fig. 54. Possible cases of mutual arrangement of variables X and Y, 

when one of them is an exact variable and the second one is described with uniform 

distribution 

 

Therefore, respectively: 
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(A.9) 

2.  
smm xy 3
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3. 
smmsm xyx 33 
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Taking into account the relations (A.9) to (A.11), one may derive the general 

form (4.24) of PM for one variable with uniform distribution and the second one that is 

exact variable: 
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Whereas in a case when both variables X and Y are variables with uniform 

distributions: 

 

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where: 

 sma x 3 , smb x 3  

 smc y 3 , smd y 3  

than three cases of mutual arrangement of distributions fR(x) and fR(y) are possible. This 

situation is presented in fig. 55. 

 

Fig. 55. Possible cases of mutual arrangement of variables X and Y, 

in a case when both variables are described with uniform distribution 

1.    xdycbxa   (solely the 1st area) 

Realizations x and y of variables X and Y are located solely in this area if 
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 min(y) > max(x)  smsm xy 33    smxy 32  
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2.    xdycbxa   (solely the 2nd area) 

Realizations x and y of variables X and Y are located solely in this area if 

 max(y) < min(x)  smsm xy 33    smxy 32  
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3.  The 3rd area. 
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(A.15) 

Finally, taking into account the above cases, PM takes the form (4.25): 
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I performed the derivation of PM for triangular distribution (4.28) and (4.29) similarly 

as the derivation for uniform distribution, even though more areas of integration had to 

be taken into account here. 

A.3 Derivation of PM for exponential distribution 

If one of the variables is described with exponential distribution (2.8): 
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and the second one is an exact variable, then taking into account improper integrals: 
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(A.16) 

Since the exponential distribution is determined solely for x > 0, therefore both 

mx > 0 and my > 0. Hence, for the formula (A.16), we may substitute only mx = my + mxy: 
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Since standard deviation and mean value of exponential distribution are equal to 

each other, we substitute mx = s and we receive PM (4.20): 
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Whereas if both variables are described with exponential distribution, then 

similarly as previously, substituting mx = my + mxy and mx = s, we receive PM (4.21): 
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B Computer implementation  

This chapter is dedicated to some compute algorithms applied in the dissertation. 
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B.1 PM implementation in language „C” 

I presented below the implementation of the simplified probability metric for 

random vectors (4.48) in language „C”. 

MMETRIC.H 

//------------------------------------------------------------------------- 

#ifndef MMETRIC_H 

#define MMETRIC_H 

//------------------------------------------------------------------------- 

 

// Use simplified forms? 

#define SIMPLE 

 

//- Probability metrics; one-dimensional forms ------------------------ 

// NORMAL-NORMAL 

double MeasureMetricNN1( const double &mxy, const double &s ); 

// NORMAL-EXACT 

double MeasureMetricND1( const double &mxy, const double &s ); 

// RECTANGULAR-RECTANGULAR 

double MeasureMetricRR1( const double &mxy, const double &s ); 

// RECTANGULAR-EXACT 

double MeasureMetricRD1( const double &mxy, const double &s ); 

// EXPONENTIAL-EXPONENTIAL 

double MeasureMetricEE1( const double &mxy, const double &s ); 

// EXPONENTIAL-EXACT 

double MeasureMetricED1( const double &mxy, const double &s ); 

 

//- Probability metrics; multivariate forms ------------------------- 

// EXACT-EXACT (DD corresponds to the classical Minkowski metric) 

double MeasureMetricDD( const double *a, const double *b, unsigned I, \ 

                        double p=2, double s=0 ); 

// NORMAL-NORMAL 

double MeasureMetricNN( const double *a, const double *b, unsigned I, \ 

                        double p=2, double s=0 ); 

// NORMAL-EXACT 

double MeasureMetricND( const double *a, const double *b, unsigned I, \ 

                        double p=2, double s=0 ); 

// RECTANGULAR-RECTANGULAR 

double MeasureMetricRR( const double *a, const double *b, unsigned I, \  

                        double p=2, double s=0 ); 

// RECTANGULAR-EXACT 

double MeasureMetricRD( const double *a, const double *b, unsigned I, \  

                        double p=2, double s=0 ); 

// EXPONENTIAL-EXPONENTIAL 

double MeasureMetricEE( const double *a, const double *b, unsigned I, \  

                        double p=2, double s=0 ); 

// EXPONENTIAL-EXACT 

double MeasureMetricED( const double *a, const double *b, unsigned I, \  

                        double p=2, double s=0 ); 

//------------------------------------------------------------------------- 

#endif 

 

MMETRIC.CPP 

#include "mmetric.h" 

#include <math.h> 

 

const double M_PI = 2.0 * asin(1.0); 

 

//- Metrics, one-dimensional forms ---------------------------------------- 

double MeasureMetricNN1( const double &mxy, const double &s ) 

{ 

#ifdef SIMPLE 

 double ro = 2.3*sqrt(M_PI)*s/2.; 

  return ( mxy<ro ) ? (2*s/sqrt(M_PI) + mxy*mxy/2/s/sqrt(M_PI) - \  

   pow(mxy,4)/48/pow(s,3)/sqrt(M_PI)) : (mxy); 

#else 

 return (2*s*exp(-mxy*mxy/(4*s*s))+sqrt(M_PI)*mxy*erf(mxy/2/s))/sqrt(M_PI); 

#endif 

} 

//------------------------------------------------------------------------- 

double MeasureMetricND1( const double &mxy, const double &s ) 

{ 
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#ifdef SIMPLE 

 double ro = 1.3*sqrt(2*M_PI)*s/2.; 

  return ( mxy<ro ) ? (sqrt(2)*s/sqrt(M_PI) + sqrt(2)*mxy*mxy \  

         /2/s/sqrt(M_PI) - sqrt(2)*pow(mxy,4)/24/pow(s,3)/sqrt(M_PI))  : \  

   (mxy); 

#else 

 return (sqrt(2)*s*exp(-mxy*mxy/(2*s*s))+sqrt(M_PI) \  

         *mxy*erf(mxy/sqrt(2)/s))/sqrt(M_PI); 

#endif 

} 

//------------------------------------------------------------------------- 

double MeasureMetricRR1( const double &mxy, const double &s ) 

{ 

 if( mxy < 2*sqrt(3)*s ) 

    return (24*sqrt(3)*s*s*s - mxy*mxy*mxy + 6*sqrt(3)*s*mxy*mxy )/36/s/s; 

 else 

   return mxy; 

} 

//------------------------------------------------------------------------- 

double MeasureMetricRD1( const double &mxy, const double &s ) 

{ 

 if( mxy < sqrt(3)*s ) 

   return (3*s*s + mxy*mxy)/(2*sqrt(3)*s); 

 else 

   return mxy; 

} 

//------------------------------------------------------------------------- 

double MeasureMetricEE1( const double &mxy, const double &s ) 

{ 

 return mxy + 2*s*s/(mxy+2*s); 

} 

//------------------------------------------------------------------------- 

double MeasureMetricED1( const double &mxy, const double &s ) 

{ 

 return 2*exp(-s/(mxy+s))*(mxy+s) - mxy; 

} 

//------------------------------------------------------------------------- 

//- Metrics, multivariate forms ------------------------------------------- 

double MeasureMetricDD( const double *a, const double *b, unsigned I, \  

                        double p, double s ) 

{ 

 double sum = 0.; 

     for(unsigned i=0; i<I; i++ ) 

        sum += fabs( pow(a[i]-b[i], p) ); 

     return pow(sum, 1./p); 

} 

//------------------------------------------------------------------------- 

double MeasureMetricNN( const double *a, const double *b, unsigned I, \  

                        double p, double s ) 

{ 

 double sum = 0; 

 for(unsigned i=0; i<I; i++ ) 

 { 

   double mxy = fabs( a[i] - b[i] ); 

   double D = MeasureMetricNN1( mxy, s ); 

   sum += pow(D, p); 

 } 

     return pow(sum, 1./p); 

} 

//------------------------------------------------------------------------- 

// etc, Other multivariate forms are similar to the last one. 

B.2 PM implementation in language of Matlab scripts  

A script „mmetric1.m” constitutes the implementation of one-dimensional form 

of probability metric (4.3), whereas a script „mmetric.m” constitutes the implementation 

of PM for random vectors (4.48). 
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MMETRIC1.M 

function d=mmetric1(mxy, s, t) 

%MMETRIC1 probability metric, one-dimensional case 

%        MMETRIC1(mxy, s, t) defines the value of probability metric for each point mxy 

%        s - metric’s parameter (standard deviation of a distribution) 

%        t - metric’s type, may be the following: 

%                DD        dirac-dirac (Minkowsky metric) 

%                NN        normal-normal 

%                NNs       gauss-normal (simplified) 

%                ND        normal-dirac 

%                ND        normal-dirac (simplified) 

%                RR        rectangular-rectangular 

%                RD        rectangular-dirac 

%                EE        exponential-exponential 

%                ED        exponential-dirac 

%                TT        triangular-triangular 

%                TD        triangular-dirac 

%        mxy - measured distance 

%        for instance 

%        MMETRIC1(mxy, 0.1, 'NN') 

%        defines probability metric for two normal distributions for s = 0.1 

%         

%        See also MMETRIC, DISTRIB1 

 

%   Copyright (c) 2001 by Szymon Lukaszyk 

 

switch t 

  case 'DD' 

     d = abs(mxy); 

  case 'NN' 

     d = (2*s*exp(-mxy.*mxy/(4*s^2))+sqrt(pi)*mxy.*erf(mxy/2/s))/sqrt(pi); 

  case 'NNs' 

     if( abs(mxy) < 2.3*sqrt(pi)*s/2. ) 

        d = 2*s/sqrt(pi) + mxy.^2/2/s/sqrt(pi) - mxy.^4/48/s^3/sqrt(pi); 

     else 

        d = abs(mxy); 

     end 

  case 'ND' 

     d = (sqrt(2)*s*exp(- mxy.*mxy/(2*s^2))+sqrt(pi)*mxy.*erf(mxy/sqrt(2)/s))/sqrt(pi); 

  case 'NDs' 

    if abs(mxy) < 1.3*sqrt(2*pi)*s/2. 

        d = sqrt(2)*s/sqrt(pi) + sqrt(2)*mxy.^2/2/s/sqrt(pi) - 

sqrt(2)*mxy.^4/24/s^3/sqrt(pi); 

    else 

        d = abs(mxy); 

    end 

  case 'EE' 

    d = abs(mxy) + 2*s^2./(abs(mxy)+2*s); 

  case 'ED' 

    d = 2*exp(-s./(abs(mxy)+s)).*(abs(mxy)+s) - abs(mxy); 

  case 'RR' 

    d = max( (24*sqrt(3)*s^3 - abs(mxy.^3) + 6*sqrt(3)*s*mxy.^2 )/36/s^2, abs(mxy)); 

  case 'RD' 

    for i=1:length(mxy) 

        if abs(mxy(i)) < sqrt(3)*s 

           d(i) = (3*s*s + mxy(i).*mxy(i))/(2*sqrt(3)*s); 

        else 

           d(i) = abs(mxy(i)); 

        end 

    end 

  case 'TT' 

    for i=1:length(mxy) 

        if abs(mxy(i)) < sqrt(6)*s 

           d(i) = (3*mxy(i).^5 - 10*sqrt(6)*s*mxy(i).^4 + 240*sqrt(6)*s^3*mxy(i).^2 + 

                  1008*sqrt(6)*s^5)/(2160*s^4); 

        elseif abs(mxy(i)) < 2*sqrt(6)*s 

           d(i) = -(mxy(i).^5 - 10*sqrt(6)*s*mxy(i).^4 + 240*s^2*mxy(i).^3 -  

                  480*sqrt(6)*s^3*mxy(i).^2 + 720*s^4*mxy(i) - 

1152*sqrt(6)*s^5)/(2160*s^4); 

        else 

           d(i) = abs(mxy(i)); 

        end 

    end 

  case 'TD' 

    for i=1:length(mxy) 

        if abs(mxy(i)) < sqrt(6)*s 

           d(i) = (6*sqrt(6)*s^3 + 3*sqrt(6)*s*mxy(i).^2 - mxy(i).^3)/(18*s*s); 

        else 

           d(i) = abs(mxy(i)); 

        end 



- 140 - 

    end 

  otherwise 

    error('Unknown metric type'); 

end 

MMETRIC.M 

function D=mmetric(mxy, p, s, t) 

%MMETRIC probability metric 

%        MMETRIC(mxy, p, s, t) value of probability metric for each point mxy 

%        p - metric’s rank 

%        s - metric’s parameter (standard deviation of a distribution) 

%        t - metric’s type (see MMETRIC1.m) 

%        mxy - measured distance 

%        mxy(K,I) where 

%        K - the number of measured points 

%        I - dimension of a measured space 

%        for instance if mxy = [0 0; 0 1; 1 0; 1 1] than 

%        MMETRIC(mxy, 2, 0, 'DD') 

%        defines Minkowski metric between point [0 0] and four points mxy on the plane 

%         

%        See also MMETRIC1, DISTRIB1 

 

%   Copyright (c) 2001 by Szymon Lukaszyk 

 

np = size(mxy,1); 

I  = size(mxy,2); 

D = zeros(np,1); 

d = zeros(1,I); 

 

for ni = 1:np 

 for i=1:I 

  d(i) = mmetric1(mxy(ni,i), s, t)^p; 

 end 

 D(ni) = sum(d)^(1/p); 

end 

C Algorithm for the fringe search in language of Matlab scripts 

The algorithm presented below has been applied in numerical experiments 

presented in chapter 10. 

function ret = holo(file_name, tp, N) 

%   Copyright (c) 2003 by Szymon Lukaszyk 

% Example holo('6a.bmp', pi/4, 1000) 

% BITMAPA ############################################################################## 

 

dir = 'C:\Dokumenty\doktorat\grafika\holografia\act\' 

file = [dir, file_name] 

imi = imread(file); 

% Note: this figure should be viewed by turning it to the left by 90 degrees 

% than the coordinates system is coherent: x to the right, y up 

% Since the plotting and bitmap indexing operate without rotation, 

% therefore without rotation: x – vertically down, y - horizontally to the right 

% reverse indexing is denoted with a symbol '@@' 

 

% bitmap graph: bmpax 

figure; bmpax = newplot; hold on 

imshow(imi); 

 

% conversion to double 0-1 

im = double(imi)./255; 

im = -(im - 1); 

 

% height and width of the bitmap 

xmin = 0; xmax = size(im,2); % @@ 

ymin = 0; ymax = size(im,1); % @@ 

 

% CONTROL VALUES ####################################################################### 

% 1. values given by a mouse ########################################################### 

% r  radius (iteration step value) 

% start point 

 

% 2. values set from a function call ################################################### 

% file_name bitmap name 
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% tp  search angle space 

% N  iterations 

 

% 'hardcoded' values ################################################################### 

tdlt = pi/5000; % search curve density 

r = 0;   % initiating radius 

runalg = 1;  % flag of algorithm work 

nextstart = 0;  % flag of entering new values start. 

m_type = 'md';  % what are we looking for 'md' - mediana 

 

% ALGORITHM START ###################################################################### 

% table of the characteristic values 

% of individual points of a fringe 

stats = zeros(N, 8); 

 

% START FOR THE INDIVIDUAL FRINGES ##################################################### 

while runalg 

 

nextstart = 0; 

mxi1   = zeros(1,N); 

myi1   = zeros(1,N); 

 

[x2, y2] = ginput(2); 

mxi  = x2(1); mxi1(1) = x2(2); 

myi  = y2(1); myi1(1) = y2(2); 

 

if r == 0;  r = sqrt( (mxi1(1)-mxi)^2 + (myi1(1)-myi)^2); end 

 

 n=1; 

 while n <= N & ~nextstart 

% START OF STEP n ###################################################################### 

 

 if mxi1(n) > xmax 'mxi1 > xmax'; mxi1(n) = xmax-1; end 

 if mxi1(n) < xmin 'mxi1 < xmin'; mxi1(n) = xmin+1; end 

 if myi1(n) > ymax 'myi1 > ymax'; myi1(n) = ymax-1; end       

 if myi1(n) < ymin 'myi1 < ymin'; myi1(n) = ymin+1; end 

 

  % middles of fringe points 

  %plot(mxi1(n), myi1(n), 'o','Parent',bmpax); 

 

  % description of fringe points 

 %text(mxi1(n), myi1(n), num2str(n), 'FontSize', 16,  

 'Color','red','Parent',bmpax); 

 

  % define search angle 

  xtf = mxi1(n)-mxi; 

  ytf = myi1(n)-myi; 

  tf = atan2( ytf, xtf ); 

 

  % save to list 

  katy  = tf*180/pi; 

 

  % define new angle of search curve 

  t = tf-tp:tdlt:tf+tp; 

 

  % define points of search curve 

  xci = fix( r*cos(t)+mxi1(n) ); 

  yci = fix( r*sin(t)+myi1(n) ); 

 

  % cut off points outside the bitmap 

  for i=1:length(t) 

   if xci(i) >= xmax; xci(i) = xmax-1; end 

   if xci(i) <= xmin; xci(i) = xmin+1; end 

   if yci(i) >= ymax; yci(i) = ymax-1; end 

   if yci(i) <= ymin; yci(i) = ymin+1; end 

  end 

 

  % draw search curve 

  %plot(xci, yci, 'Parent',bmpax); 

 

  % define distribution of grey at the search curve 

  Fc = zeros(1,length(t)); 

  for i=1:length(t) 

   Fc(i) = im( yci(i), xci(i) ); % @@ 

  end 

 

  % save previous values 

  mxi = mxi1(n); 

  myi = myi1(n); 

 

  % find a new point on the distribution of the search curve... 
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  switch m_type 

   case 'mx', 

    mti = find_mx(t, Fc); 

   case 'max', 

    mti = find_max(t, Fc); 

   otherwise, 

    mti = find_md(t, Fc); 

  end 

 

  % ... and the corresponding mx and my 
  mxi1(n+1) = fix( r*cos(mti) ) + mxi1(n); 

  myi1(n+1) = fix( r*sin(mti) ) + myi1(n); 

 

  % check if the fringe line does not intersect 

  for i=1:n-1 

   if sqrt( (mxi1(n+1)-mxi1(i))^2 + (myi1(n+1)-myi1(i))^2 ) < r | 

mxi1(n+1) > xmax | mxi1(n+1) < xmin | myi1(n+1) > ymax | myi1(n+1) < ymin 

    nextstart = 1; 

    % change the size 

    mxi1(:,n+1:N) = []; 

    myi1(:,n+1:N) = []; 

    % draw fringe line 

    plot(mxi1, myi1, 'r', 'LineWidth', 2,'Parent',bmpax);  

 

    tp 

    r 

    m_type 

 

inp = input('The line intersects. ENTER/t - next starting point, n - end, u - settings 
t/n/u [t]: ','s'); 

    %if isempty(inp) | inp == 't' 

 

    if inp == 'n' 

     runalg = 0; 

    elseif inp == 'u' 

   inp1 = input('Change r, tp, m_type or nothing r/t/m/n [n]: ','s'); 

     if inp1 == 'r' 

      r = input('Provide r'); 

      if r == 0 % provided by mouse 

       [x2, y2] = ginput(2); 

     r = sqrt( (x2(1)-x2(2))^2 + (y2(1)-y2(2))^2); 

      end 

     elseif inp1 == 't' 

      tp = input('Provide tp'); 

     elseif inp1 == 'm' 

      m_type = input('Provide m_type', 's'); 

     end 

     runalg = runalg + 1; 

    else 

     runalg = runalg + 1; 

    end 

    break  % Exit this loop 

   end 

  end 

 

  n = n+1; 

 

% END OF STEP n ####################################################################### 

 end 

end 

 

'Indicate end points' 

[xk, yk] = ginput(2); 

plot([xk(1) xk(2)], [yk(1) yk(2)],'Parent',bmpax); 

 

%'Hide the picture? Right-click, if yes, left-click, if not'; gbutton = 1; 

[gx,gy,gbutton] = ginput(1); 

%if gbutton == 3 

 

inp = input('Hide the picture? t/n [t]: ','s'); 

if isempty(inp) | inp ~= 'n';  set(gco,'visible','off'); end 

 

hold off 

% END OF ALGORITHM ##################################################################### 

return 

 

% ###################################################################################### 

% MEAN VALUE OF DISTRIBUTION F ######################################################### 

function mt = find_mx(t, F) 

 
% normalization of distribution 

sumF = sum(F); 
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if sumF == 0 

 % distribution yields to zero everywhere 

 mt = t(1); 

 return 

end 

F = F./sumF; 

 

mt = 0; 

for i = 1:length(F) 

 mt = mt + t(i)*F(i); 

end 

 

% MEDIAN OF DISTRIBUTION F ############################################################ 

function mt = find_md(t, F) 

 

% normalization of distribution 

sumF = sum(F); 

if sumF == 0 

 % distribution yields to zero everywhere 

 mt = t(1); 

 return 

end 

F = F./sumF; 

 

FF = 0; 

for i = 1:length(F) 

 FF = FF + F(i); 

 if FF >= .5  

  mt = t(i); 

  return 

 end 

end 

% emergency exit 

mt = t(i);  

 

% DOMINANT OF DISTRIBUTION F ########################################################## 

function mt = find_max(t, F) 

 

% normalization of distribution 

sumF = sum(F); 

F = F./sumF; 

 

Fmax = 0; 

mt = t(1); 

for i = 1:length(F) 

   if F(i) > Fmax 

  Fmax = F(i); 

  mt = t(i); 

 end       

end 

% ###################################################################################### 

D Simplified formulas 

Despite the fact that most of the methods that are currently used do not exploit 

the computing power of modern computers, the equations describing PM for some 

distributions of probability density are quite complex, which for a number of data sets 

may significantly increase the computation time. In particular, the error function 

occurring in metrics DND (4.15) and DNN (4.16) constitutes the particular function that 

does not have a representation in the form of the elementary functions and that needs to 

use methods exploiting asymptotic expansions every time it is to be determined.  

The simplified formulas presented below on the example of PM of type DND(mxy) 

and DNN(mxy) enable to significantly reduce the computation time. 
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Expanding the probability metrics (4.15) and (4.16) into the Taylor series, we 

receive: 

 
4

4

3

2

)(
24

2

2

22
)( Rm

s
m

s

s
mD xyxyTxyND 


  (C.1) 

 4

4

3

2

)(
48

1

2

12
)( Rm

s
m

s

s
mD xyxyTxyNN 


   (C.2) 

The expansion of the metrics of DND (4.15) type is presented in fig. 56 for two 

and three sequence terms respectively.  

 

Fig. 56. Probability metric DND and its two- and three- terms 

expansion into the Taylor series 

This expansion demonstrates a good adjustment for an original formula for small 

values of mxy. Therefore, I defined the following simplified formula, which has a form 

similar to PM for uniform and triangular distribution: 
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where  is minimized by an error functional in the form: 
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Deriving the simplified form of PM of the functional (C.4), in order to determine 

parameter , that in a case of DND yield: 
2

s  , I minimized for the two-terms 

series (C.1), then I adopted a certain factor , providing a better adjustment of the 

simplified formula to the original formula when the three-terms expansion was applied 

to determine only the metric value.  

For the metric of DND (4.15) type, the simplified formula ultimately takes the 

form: 
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where  = 1.3, and for the metric of DNN (4.16) type, it takes the form 
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where  = 2.3. 
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